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Abstract: We study the compactification of M-theory on Calabi-Yau five- folds and the 



lO ! resulting N = 2 super-mechanics theories. By explicit reduction from 11 dimensions, 



including both bosonic and fermionic terms, we calculate the one-dimensional effective 
' action and show that it can be derived from an AA = 2 super-space action. We find 

■ that the Kahler and complex structure moduli of the five-fold reside in 2a and 26 super- 

multiplets, respectively. Constrained 2a super-multiplets arise from zero-modes of the 
. M-theory three-form and lead to cross-couplings between 2a and 26 multiplets. Fermionic 

^ , zero modes which arise from the (1,3) sector of the 11-dimensional gravitino do not have 

^ \ bosonic super-partners and have to be described by purely fermionic super-multiplets in 

H ' one dimension. We also study the inclusion of fiux and discuss the consistency of the 

scalar potential with one-dimensional J\f = 2 supersymmetry and how it can be described 
in terms of a superpotential. This superpotential can also be obtained from a Gukov- 
type formula which we present. Supersymmetric vacua, obtained by solving the F-term 
equations, always have vanishing vacuum energy due to the form of this scalar potential. 
We show that such supersymmetric solutions exist for particular examples. Two substantial 
appendices develop the topology and geometry of Calabi-Yau five-folds and the structure of 
one-dimensional J\f = 2 supersymmetry and supergravity to the level of generality required 
for our purposes. 
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1. Introduction 

The technique of compactification has connected string- and M-theory to a wealth of super- 
gravity theories in diverse dimensions and has led to important insights into both theoretical 
and phenomenological aspects of the theory. Ever since the seminal work compactifi- 
cations on Calabi-Yau spaces and related constructions have played a central role in this 
context. While most of this work has concentrated on Calabi-Yau three-folds, primarily 
in order to connect string theory to four-dimensional physics, Calabi-Yau four-folds have 
been used, for example in F-theory compactifications Q, and compactification on K3 has 
played an important role in uncovering elementary duality relations Calabi-Yau 
four-folds have also appeared in string-/M-theory compactifications to two and three di- 
mensions 1^, To the best of our knowledge, the first time Calabi-Yau five-folds have 
appeared in the physics literature was in Ref. where subclasses of those manifolds feature 
in the discussion of certain vacuum constructions of F-theory and thirteen dimensional S- 
theory leading to supersymmetric two dimensional M = (1, 1) and three dimensional M = 2 
theories, respectively, and then again more detailed later in Ref. in a similar but more 
general context. 

The main purpose of the present paper is to close an apparent gap in the scheme of 
M-theory compactifications by considering 11-dimensional supergravity on Calabi-Yau five- 
folds. Eleven-dimensional supergravity is the only one of the six "known" limits of M-theory 
with a sufficient number of physical spatial dimensions to allow for such compactifications 
(although, Calabi-Yau five-folds can, of course, be used for F-theory compactifications to 
two dimensions). M-theory backgrounds based on Calabi-Yau five- folds and their correc- 
tions induced by higher-order curvature terms have been considered in Ref. Here, we 
will be concerned with the actual compactifications on such backgrounds and the resulting 
one-dimensional (super-)mechanics theories. Calabi-Yau five-folds reduce supersymmetry 
by a factor of 1/16 and, given the eleven-dimensional theory has 32 real supercharges, one 
expects one-dimensional theories with M = 2 supersymmetry from such reductions. 

Specifically, we will derive the general form of this one-dimensional N = 2 super- 
mechanics theory and analyse its relation to the underlying topology and moduli-space 
geometry of the five-folds. The necessary mathematical details regarding the topology and 
geometry of five-folds are, to a large extend, analogous to the the well-established three- 
fold case, and will be systematically developed as a preparation for our reduction. Another 
vital ingredient in our discussion is the structure of one-dimensional M = 2 supersymmetric 
theories [^]. Although gravity is non-dynamical in one dimension, the component fields of 
the one-dimensional gravity supermultiplet (the lapse function and the gravitino) generate 
constraint equations which cannot be ignored. Therefore, we have to consider local one- 
dimensional M = 2 supersymmetry. Moreover, it turns out that the structure of the 
one-dimensional theories obtained from M-theory reduction is more general than the super- 
mechanics theories usually considered in the literature. In the present paper, we, therefore, 
invest considerable work in order to develop one-dimensional N = 2 supergravity to a 
sufficiently general level. 

Our work is motivated by a number of general considerations. Reductions of M- 
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theory to one dimension have played some role in the attempts to understand quantum 
M-theory |Tl| , 12] and we hope the results of the present paper may prove useful in this 
context. Arguments from topological string theory suggest a mini-superspace description 
of quantum string cosmology |13] along the lines of "traditional" quantum cosmology 
Mini-superspace quantisation may be applied to the one-dimensional effective theories de- 
rived in this paper, hoping that this will describe some aspects of quantum M-theory on 
Calabi-Yau moduli spaces. In the present paper, we will not pursue this explicitly but 
possible applications in this direction are currently under investigation. A further motiva- 
tion is related to the general problem of string vacuum selection and its possible interplay 
with cosmology. One aspect of the string vacuum degeneracy, which is often overlooked, is 
the ambiguous split of space-time into a number of internal, usually compact dimensions 
and four external dimensions. One might speculate that a more plausible geometry for an 
"initial" state in the early universe is one where all spatial dimension are treated on an 
equal footing. In the context of M-theory, such "democratic" backgrounds are given by 
10-dimensional compact Ricci-flat spaces (neglecting flux for the time being) and, hence, 
Calabi-Yau five-folds provide a natural arena for this discussion. Assuming sufficiently 
slow, adiabatic time evolution, the problem of how three large spatial dimensions emerge 
from such a background can then be addressed by studying dynamics on the five-fold mod- 
uli space. This dynamics is, of course, described by the one-dimensional effective actions 
we will be deriving in the present paper. 

As a low-energy effective description of M-theory, 11-dimensional supergravity is cor- 
rected by an infinite series of higher-order terms which are organised by their associated 

4/3 

power of /3 ~ , where ku is the 11-dimensional Newton constant. Let us first consider 
the situation at zeroth order in (3, that is for 11-dimensional supergravity in its standard 
form. A background with vanishing flux, that is with zero anti-symmetric four-form ten- 
sor field G = dA, and an 11-dimensional metric which consists of a direct product of a 
Ricci-fiat Calabi-Yau metric and time, clearly solves the 11-dimensional equations of mo- 
tion at this lowest order. However, at linear order in P the anomaly cancellation term 
—P J A A Xg, where Xg is the well-known quartic in the curvature two- form, has to be 
added to the action. It has been observed in Ref. that Xg can be non-zero when evalu- 
ated on Calabi-Yau five-folds backgrounds. In fact, here we will show that it is proportional 
to C4(Ar), the fourth Chern class of the five-fold X. At order /?, the equation of motion 
for G is accordingly corrected by a term (3X^ and is, hence, no longer necessarily satisfied 
for G = 0. A further contribution to the A equation of motion can arise from membranes 
wrapping a holomorphic curve C with cohomology class W = [C] in the Calabi-Yau five- 
fold. Taking into account these contributions, we show the three- form equation of motion 
leads to a topological consistency condition, required for a solution at order j3 to exist. 
It states (modulo factors) that the cohomology class [G A G\ plus the membrane class W 
must be proportional to the fourth Chern class, C4(X). Here, we will consider several ways 
of solving this consistency equation. First, for vanishing fiux, G = 0, and no membranes, 
the five-folds X needs to have vanishing fourth Chern class Ci{X) and we will show that 
such five-folds indeed exist. Alternatively, for five-folds with C/i{X) 7^ a compensating 
non-zero flux and/or membrane is required. By means of a number of simple examples we 
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will demonstrate that this can indeed frequently be achieved. In particular, we show that 
the consistency condition can be satisfied for the Calabi-Yau five-fold defined by the zero 
locus of a septic polynomial in P^. The "septic" is arguably the simplest five- fold and the 
analogue of the quintic three- fold in P^. 

The one-dimensional effective action will be calculated as an expansion in powers of (3. 
As a first step we consider the situation at zeroth order in (5. Effects from flux or membranes 
only come in at order (3 and are, therefore, not relevant at this stage. In particular, we 
clarify the relation between Calabi-Yau topology/geometry and the structure of the one- 
dimensional super mechanics induced by M-theory at this lowest order in (3. Many aspects 
of this relation are analogous to what happens for compactifications on lower-dimensional 
Calabi-Yau manifolds, others, as we will see, are perhaps less expected. The topology 
of a Calabi-Yau five-fold X is characterised by six a priori independent Hodge numbers, 
namely h^'^{X), h^^^{X), h'^'^{X), h^'^^iX) and h'^'^{X). In analogy with the 

four-fold case |jl5|, an index theorem calculation together with the Calabi-Yau condition 
ci{X) = 0, leads to one relation between those six numbers. The moduli space of a 
Calabi-Yau manifold consists (locally) of a direct product of a Kahler and a complex 
structure moduli space |16]. For Calabi-Yau five-folds, these two parts of the moduli 
space are associated with the (1,1) and the (1,4) sectors, respectively. As we will see, 
the associated Kahler and complex structure moduli are part of 2a and 2b multiplets |17| 
of one-dimensional N = 2 supersymmetry. A further set of bosonic zero modes originates 
from the M-theory three form A in the (2, 1) sector. We will show that these modes become 
part of constrained 2a multiplets. This exhausts the list of bosonic zero modes. Expanding 
the 11-dimensional gravitino leads to fermionic zero modes in the sectors (1,^') where 
q = 1,2,3,4. For q = 1,2,4 these pair up into super-multiplets with the aforementioned 
bosons but the (1,3) fermions have no bosonic zero mode partners. We will show that 
this apparent contradiction can be resolved by the introduction of fermionic 26 multiplets, 
that is 26 multiplets with a fermion as their lowest component. With this assignment of 
zero modes to super-multiplets, the one-dimensional effective theory is an = 2 sigma 
model which we present both in its component and superspace form. Some of its features 
are worth mentioning. For example, the sigma model metric for the 2a multiplets in the 
(1, 1) sector is not the standard Calabi-Yau Kahler moduli space metric [|l^, as is usually 
the case for three-fold compactifications. However, the physical sigma model metric and 
the standard Calabi-Yau metric are related in a simple way. Also, it turns out that the 
sigma model metrics in the (2, 1) and (1,3) sector depend inter alia on the Kahler moduli, 
so that we require a coupling of 2a and 26 multiplets. As far as we know such a coupling 
between 2a and 26 multiplets has not been studied in the context of one-dimensional N = 2 
supersymmetry before. 

Then, we proceed to include the order (5 effects from flux and membranes. We calculate 
the scalar potential, including four-form flux, membrane effects and effects from the non- 
zero Calabi-Yau curvature tensor. The latter requires evaluating the non-topological i?^ 
terms of M-theory on a five-fold background and we show that these terms can be expressed 
in terms of the fourth Chern class, C4,{X). Our results indicate that the part of the scalar 
potential induced by the (1, 3)-component of the four-form flux breaks one-dimensional 
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N = 2 supersymmetry. Setting the (1, 3)-part of the four-form flux to zero to mamtain fuh 
supersymmetry induces an imphcit potential for the complex structure moduli. It is not 
known whether this potential can be calculated explicitly and we have thus restricted our 
attention to Calabi-Yau five-folds for which this potential vanishes. This is equivalent to 
demanding that all (2, 2)-forms can be obtained from the product of two (1, l)-forms. All 
the explicit examples of Calabi-Yau five-folds presented in this paper are of this type. The 
(2, 2)-part of the scalar potential is compatible with one-dimensional supersymmetry and 
can be written in terms of a superpotential W. As we will show, this superpotential can be 
obtained from the Gukov-type formula W ~ /-^ Gflux A J^, where J is the Kahler form of 
the Calabi-Yau five-fold. We also present the explicit superpotential and scalar potential 
for a number of particular examples, including the septic in P^, and discuss implications 
for moduli stabilisation and dynamics. 

The plan of the paper is as follows. In Section |2| we review some basic facts about 11- 
dimensional supergravity. Some general results on the topology and moduli space geometry 
of Calabi-Yau five-folds are collected in Section ^. In this section, we also present several 
explicit examples of five-fold backgrounds which solve the M-theory consistency condition. 
More details on this and derivations of some of the results are given in Appendix |^. In 
Section ^, we perform the reduction of M-theory on such backgrounds at zeroth order in /3, 
starting with the bosonic action and then including terms bilinear in fermions. Section ^ 
shows that the one-dimensional effective action obtained in this way has indeed two local 
supersymmetries and can be written in superspace form. Many of the necessary details and 
technical results on one-dimensional J\f = 2 supersymmetry and supergravity are collected 
in Appendix |C|. In Section ^, we derive the order /3 corrections to the effective action and 
calculate the scalar potential and superpotential. We conclude in Section 0. Conventions 
and notation used throughout this paper are summarised in Appendix 



2. The M-theory low energy effective action 

In this section, we review a number of results on 11-dimensional supergravity and its higher- 
derivative corrections, focusing on the aspects that will be important for the reduction on 
Calabi-Yau five-folds. More detailed reviews on the subject can, for example, be found in 



Refs. P, PI 



The field content of 11-dimensional supergravity consists of the 11-dimensional space- 
time metric gMN, the anti-symmetric three form tensor field Amnp with field strength 
G = dA and the gravitino ^ an 11-dimensional Majorana spinor. Here, we denote 11- 
dimensional curved indices by M, N, . . . = 0, 1, . . . , 10 and their flat, tangent-space coun- 
terparts by M, iV, .... Where possible, we will use differential forms to keep our notation 
concise. Our conventions largely follow Ref. [18| and are summarised in Appendix 



We split the 11-dimensional action into four parts as 

•Sii = S'li.B + 5'ii,F + 5'ii,GS + Siiji4 + — (2.1) 

Here, the first and second terms are the bosonic and fermionic parts of 11-dimensional 
supergravity pO], respectively, Sgs is the Green-Schwarz term related to the cancellation of 
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the M5-brane world- volume anomaly |21], Sji4 are the non- topological R'^ terms |2|, |2|, ||] 
and the dots indicate additional higher order contributions, which we will not need for our 
purposes. 

The bosonic part of the action reads |2C] 

5ii,B = 77V/ Jg'A*G- JgaGA^I, (2.2) 

2/^11 Jm I 2 6 J 

where kh is the 11-dimensional gravitational constant, R is the Ricci scalar of the 11- 
dimensional metric g and Ai is the space-time manifold. The equations of motion from 
this bosonic action are given by 

Rmn = y^Gmm2...M4Gn^^"'^'^ — y^9mnGmi...M4G^^^'"^* , (2.3) 
d*G = -^G AG . (2.4) 
The gravitino dynamics is encoded in the fermionic action 



"11 JM 

+ 



^ (^mT^^^^'^^^^s + 12^^r^Q*«) Gnpqr + (fermi)^}, (2.5) 



where ^'m = i^jy^F-. Here and in much of what follows, we omit four-fermi terms. The 
covariant derivative Dm is defined by 

Dn{oj)^p = (On + ^iON^^TQR)^fp , (2.6) 

with the spin connection ujn——. The corresponding equation of motion for ^'a/ reads 

r^^^^D;v(u;)^P + ^ (r*™^^^'^ + 12/^^r^OM/^) Gmpqr + (fermi)^ = . (2.7) 

The action S'h^b + 'S'ii,f for 11-dimensional supergravity is invariant under the supersym- 
metry transformations 

^eQMN = 2er(A/^'7v)i 
^e^MNP = -^^^[MN"^ P]-, (2.8) 

5,^M = 2DM{io)e + -^^{^m'''''^'' - 85i^^r^Q«)eG,vPQi? + (fermi)^ , 

which are parameterised by an 11-dimensional Majorana spinor e. 

In its role as the low-energy effective theory of M-theory the action S'h^b + S'li.F 
receives an infinite series of higher-order derivative corrections which are organised by 
integer powers of the quantity 



,2 x2/3 



1 f K 

{2^ XJ-k"^ 
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One such correction which appears at order /? is the Green-Schwarz term ^ 

5ii,GS = -(2vr)"-^ / AAXs, (2.10) 

where Xg is a quartic polynomial in the curvature two-form TZ. It can be conveniently 
expressed in terms of the first and second Pontrjagin classes pi{TM) and p2{TM) of the 
tangent bundle TM. of M. as 

1 //Pi\2 

-P2 



LI 




48 V 






{ 1 ^ 


4 


^ 2^ 



p^{TM) = --[ — ] tr7^^ (2.11) 



P2(™) = ^(^y((tr7^Y-2tr7^4) . 

This Green-Schwarz term leads to a correction to the equation of motion ( ^.4| ) for A, which 
now reads 

d*G = --GAG-{2^fl3Xs. (2.12) 

We note that the exactness oid*G implies that the eight-form ^G AG + {2t:)'^ f3X^ must be 
cohomologically trivial on M. This integrability condition will play an important role for 
compactifications on Calabi-Yau five-folds, as we will see. There is also a non-top ological 
term at order /3 which is related to the Green-Schwarz term ( |2.10| ) by supersymmetry. 
This term which we will need for our discussion of flux and scalar potentials in the one- 
dimensional effective theory is given by |22, 23, ^] 

a P ^ f ,11 / ,Mi...Ms.Ni...Nsr> r> /o i o^ 

■^ll.R^ = TT^ Q oil / ^y-gtg *8 RM1M2N1N2 ■ ■ ■ RMjMsNtNs ■, (^•■'-'aj 

^^11 y ■ J M 



with the famous rank eight tensor which has been defined in Ref. |27]. 



Equations of motion for anti-symmetric tensor fields can receive contributions from 
electrically charged objects and, for the case at hand, an additional term has to be added 
to eq. ( p. 12 ) in the presence of M-theory membranes. Clearly, such a term can affect the 



integrability of eq. ( |2.12| ) and should be taken into account. 
We start with the bosonic part of the membrane action 



S3 = -n[ {d^ay^ + A} , (2.14) 

where g and A are the pullbacks of the 11-dimensional space-time metric g and three- form 
A under the embedding X^ = X^^[a) of the membrane world- volume A^a into space-time 



'^Care has to be taken in order to obtain the correct sign of the Green-Schwarz term relative to the 



GGA Chern- Simons term in the action (2.2) and different versions exist in the hterature [g^, |2^, In 
general, the sign of the Chern-Simons term is fixed by supersymmetry and the relative sign is fixed by the 
anomaly cancellation condition on the five-brane world volume j2l] . In Ref. , several different arguments 
are presented for why the relative sign must be positive (in our conventions) and we adopt this result in 
the present paper. 
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Ai. Here, a = {a^, a^, a"^) are coordinates on the membrane world volume. The membrane 
tension T3 is given by 

^ (2.15) 



2tt,/J3 • 

Adding this action to the bosonic one for 11-dimensional supergravity, eq. (|2.2|), and re- 
computing the equation of motion for A leads to 

d*G = -^G AG- (2^)^X8 - 2k?iT3 6{M3) . (2.16) 

Here, 5{Ms) is an eight-form current associated with the membrane world-volume. It is 
characterised by the property 

/ w = [ wA6{M3) (2.17) 

for any three- form w. 



3. Calabi-Yau five- folds 



Our M-theory reduction depends on a range of results on Calabi-Yau five-folds, including 
results about their topology, their differential geometry and moduli spaces. Perhaps most 
importantly, to be sure we are not dealing with an empty set, we require some explicit 
examples of Calabi-Yau five-folds on which consistent M-theory reductions can be carried 
out. In this chapter, we provide a non-technical summary of the main facts and results for 
the reader's convenience. For the details we refer to Appendix |^. 

We begin by defining what we mean by a Calabi-Yau five-fold X. As usual, we require 
that X be a compact, complex Kahler manifold with vanishing first Chern class, ci{X) = 0. 
In addition, X should break supersymmetry by a factor of 1/16. This means that the 
holonomy group Hol(Ar) C SU(5) is a sufficiently large subgroup of SU(5) such that in the 
decomposition 

16spin{10) ^ [10 + 5 + l]su{5) 

(3.1) 

of (chiral) spinors on X under SU(5) only the SU(5) singlet is invariant under the holonomy 
group. An immediate consequence is that the Hodge numbers K^'^{X) = hP'^^X) for 
j3 = 1,2,3,4 vanish and that h^^^{X) = h^'°{X) = h°'^{X) = h^'^{X) = 1. The reason for 
this additional condition on supersymmetry breaking is to avoid "non-generic" cases which 
lead to a larger number of preserved super symmetries and additional zero modes (due 
to hP'^{X) / for some p £ {1,2,3,4}), such as 10-tori, products of lower-dimensional 
Calabi-Yau manifolds (for example, a product of a three-fold with K3) or products of 
lower-dimensional Calabi-Yau manifolds with tori (for example, a four-fold times a two- 
torus). 

Given the restrictions on Hodge numbers discussed above, we remain with six, a pri- 
ori independent Hodge numbers, namely h^'^{X), /i^'^(X), h^'^{X), /i^'^(X), h^'^{X) and 
h'^'^(X). For Calabi-Yau four-folds it is known [|l5| that one additional relation between the 
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Hodge numbers can be derived using the index theorem together with the Calabi-Yau con- 
dition ci{X) = 0. In Appendix]^, we show that the same is true for Calabi-Yau five- folds 
and we derive the relation 

llh^'^{X) - 10h^'^{X) - + h^'^{X) + Wh^'^{X) - 11 h^'^{X) = . (3.2) 

Hence, we are left with five apparently independent Hodge numbers. The precise role of the 
cohomology groups in the reduction of M-theory will be explained in the following section. 
Here, we summarise the relation between cohomology groups, M-theory zero modes and 
flux (see Table Q). As usual, the moduli space of Ricci-flat metrics consists of Kahler 



cohomology 


bosonic zero modes 


fermionic zero modes 


flux 


H^'HX) 


h^'^{X) real, Kahler moduli 


h^'^{X) complex, 
from gravitino 




H^'^iX) 


/i^'^(X) complex, from three- form 


h^''^{X) complex, 
from gravitino 








h^''^{X) complex, 
from gravitino 


G-flux 


H^'^iX) 






G-flux 


H^^^{X) 


h^'^{X) complex structure moduli 


h^'^{X) complex, 
from gravitino 




H^'^X) 









Table 1: Cohomology groups of a Calabi-Yau five- fold X and their relation to zero modes and flux 
in an M-theory reduction. 



and complex structure deformations. For Calabi-Yau five-folds they are associated with 
harmonic (1,1) and (1,4) forms, respectively. Another set of bosonic zero modes arises 
from the M-theory three-form A and is related to the cohomology H^''^{X). As Table || 
shows, for all these bosonic modes, we have fermionic zero modes counted by the same 
Hodge number. This suggests an obvious way of arranging modes into one-dimensional 
super-multiplets. However, the (1,3) sector is somewhat puzzling in that it gives rise to 
a set of fermionic but not bosonic zero modes. We will come back to this later and show 
how this apparent mismatch of bosonic and fermionic degrees of freedom can be reconciled 
with supersymmetry. 

As discussed before, the equation of motion for the M-theory three-form A leads to 
an important integr ability condition which amounts to the right-hand side of eq. ( 2.16| ) 



being cohomologically trivial. Let us now consider this condition for the case of an 11- 
dimensional space-time of the form M = M x X, with a Calabi-Yau five- fold X. The 
total Pontrjagin class of such a space-time is p{^A) = p{X). In general, for a complex 
manifold Z, the Pontrjagin and Chern classes are related by Pi{Z) = ci(Z)^ — C2{Z) and 
P2(Z) = C2{Zf - 2ci(Z)c3(Z) + 2ci{Z). Given that ci{X) = for a Calabi-Yau five- 
fold we have pi{X) = —2c2{X) and P2{X) = C2(X)^ — 2c4(X). Inserting this into the 
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definition of Xg, we find 



1 

24 



C4(X) . 



(3.3) 



In general, we also allow four-form flux Gflux on X and it is convenient to introduce the 
re-scaled version 

^3 



9 



27r 



(3.4) 



where we recall that T3 is the membrane tension defined in eq. (2.15) and the square 
brackets indicate the cohomology class. As is clear from the Wess-Zumino term in the 
membrane action ( |2.14| ) this re-scaled flux is quantised in integer units, that is, it should 
be an element of the fourth integer cohomology of X. More accurately, taking into account 



the subtlety explained in Ref. |25], the quantisation law reads 

1 



g + -C2{X)eH\X, 



I). 



(3.5) 



Finally, we should allow for membranes which wrap a holomorphic cycle C C X of the five- 
fold, that is membranes with world volume 7W3 = M x C. The membrane current 5{M^) 
then takes the form 5{Ai^) = (5(C). Inserting this current, together with eqs. ( p. 3] ) and 
(3.4) into the right-hand side of the G equation of motion (|2.16| ) and taking the cohomology 
class of the resulting expression, one finds 



Ci{X) -12gAg = 24W. 



(3.6) 



Here, = [C] G H2{X,'Z) is the second homology class of the curve C, wrapped by the 
membranes. Eq. ( |3.6D is a crucial condition which is clearly necessary for consistent M- 
theory backgrounds based on Calabi-Yau five- folds. When solving this condition, it must 
be kept in mind that the homology class W, having a holomorphic curve representative C, 
must be an effective class in H2{X,7j), that is, it must be an element in the Mori cone of 
X. 



Our task is now to establish the existence of Calabi-Yau five-fold backgrounds which 
satisfy the above consistency condition. Formally, this amounts to finding Calabi-Yau five- 
folds X, an element g in the fourth cohomology of X and an effective class W £ H2{X, Z) 



such that eqs. (3^) and ( ^.6| ) are satisfied. In Appendix we analyse this problem in 
detail for a number of explicit examples. In particular, we consider torus quotients and 
complete intersection Calabi-Yau five-folds (CICY five-folds) [p9|]. 

Let us briefly review some basic properties of CICY five-folds. CICY five-folds are 
embedded in an ambient space A = 'S)T=i ^"'^i given by a product of m projective spaces 
with dimensions n^. They are defined by the common zero locus of = YlT=i''^r — 5 
homogeneous polynomials pa in A. The polynomials pa are characterised by their degrees 
q"^ in the coordinates of the r^^ projective factor of the ambient space. A short-hand 
notation for CICY manifolds is provided by the configuration matrix 



[n|qj 



ni 


qI ■ 


■ iy 






■ 



(3.7) 
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which encodes the dimensions of the ambient projective spaces and the (multi)-degrees of 
the defining polynomials. Such configuration matrices are constrained by the Calabi-Yau 
condition, ci{X) = 0, which for CICY manifolds reads 

K 

J2<la = ^r + 1 (3.8) 

a=l 

for all r. The simplest CICY five-fold is given by the zero locus of a septic polynomial 
in and is represented by the configuration matrix [6|7]. The septic in is the direct 
analogue of the best-known example of a Calabi-Yau three-fold, the quintic hypersurface 
in P^. In total, there are 11 CICY five-folds which can be defined in a single projective 
space and these manifolds are listed in Table |5|. 

The main results of Appendix |B.2| can be summarised as follows. The simplest way of 
satisfying the integrability condition ( |3.6| ) is to turn off flux, g = 0, and have no membranes 
so that W = 0. In this case, a Calabi-Yau five-fold X with vanishing fourth Chern class, 
Ci{X) = 0, is required. It can be shown in general that CICY configurations with all > 2 
(which includes configurations with m = 1 or = 1) always have C4^{X) ^ 0. In addition, 
we have verified that no configuration matrix with m < 4 and K < 4 leads to C4{X) = 0. 
For larger configurations with m > 4 or X > 4 and at least one < 2 cases with C4{X) = 
might still exist although we have been unable to find an explicit example. It is conceivable 
that c^^X) 7^ for all CICY five- folds. Given the lack of a viable CICY example, we have 
turned to torus quotients of the form X = T^^ jl^. We have shown that, for an appropriate 
choice of shifts in the Z2 symmetries, is freely acting and, hence, X is a manifold. Each 
Z2 reduces supersymmetry by 1/2, so in total it is reduced by a factor of 1/16. This means 
that X, although its holonomy is merely Z^, is a Calabi-Yau manifold in the sense defined 
earlier. Clearly, as X admits a flat metric, we have C4(X) = 0. It remains an open question 
whether a Calabi-Yau five-fold with full SU(5) holonomy and C4(X) = exists. We are not 
aware of a general mathematical reason which excluded this and it would be interesting to 
search for such a manifold, for example among toric five-folds. In the present paper, we 
will not pursue this explicitly. 



Next, we should consider the possibility of satisfying the integrability condition (3^) in 
the presence of non- vanishing flux but without membranes. The CICY manifolds defined 
in a single projective space, given in Table |5|, all have h'^iX^ = 1 and, hence, there is only 



a single flux parameter. Eq. (3.6) then turns into a quadratic equation for this parameter. 



Unfortunately, there is no rational solution to this equation for any of the 11 cases. This 
means that the quantisation condition ( p.5[ ) cannot be satisfied and, hence, that flux is 
not sufficient to obtain viable examples for CICYs in a single projective space. Essentially, 
the reason is that there is only one flux parameter available which is too restrictive. For 
simple CICYs defined in a product of two projective space, where h'^iX) = 2 or Ir'iX) = 3 
depending on the case, we run into a similar problem. The simplest viable example we 
have found involves the space 

"1 2" 

(3.9) 





"1 


2" 


X ~ 


2 


3 




3 


4 
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defined in the ambient space ^ = P-"^ x x P^. In this case, we have b^{X) = 5 
and flux can be parameterized as g = ki^2JiJ2 + ki^^JiJ^ + fc2,2</2 + ^2,3«^2«/3 + ^3,3</3! 
where Jr are the three Kahler forms of the ambient projective spaces, normahsed as in 
eq. ( [B.12| ). It turns out that both conditions ( |3.5D and (3.6) can be satisfied for the choice 
(A;i,2, A;i,3, ^2,2, ^2,3, h,3) = (1, 3, 7/2, 0, 6). 

What about the opposite case of including membranes but setting the flux to zero? 
A simple viable example is given by the CICY [7|6 2] with a membrane wrapping a holo- 
morphic curve with class W = 227 J, where J is the eight-form dual to the ambient space 
Kahler form J. 

Finally, by combining flux and membranes, the anomaly condition can frequently be 
satisfied. For example, for the septic, [6|7], with flux g = kj"^ we find the conditions ( |3.5| ) 
and (|3.6D are solved for k = 15/2 and a membrane class W = 6J^. 



In summary, we have demonstrated that the quantisation and integrability condi- 
tions (|3.5| ) and (|3.6D , necessary for a consistent compactification of M-theory on Calabi-Yau 
five-fold backgrounds, can be satisfied for a range of simple examples. Flux and membranes 
are usually necessary and even the septic in P^ leads to a viable background for appropriate 
non-zero choices of both fiux and membranes. We have also given an example, based on 
a torus quotient, with C4^{X) = which is consistent without fiux and membranes. We 
have not been able to find a Calabi-Yau manifold with c^^X) = and full SU(5) holonomy 
and it might be interesting to search for such a case, for example among toric Calabi-Yau 
manifolds. 



4. Compactification on Calabi-Yau five-folds 

In this section, we consider the compactification of 11-dimensional supergravity on a space- 
time of the form Ai = M x X , where X is a Calabi-Yau five-fold. At zeroth order in P, we 
start with the background configuration 

ds^ = -dt^ + gmndx'^dx'' , G = , (4.1) 

where gmn = Qmnix^) is the Ricci-flat metric on X and m,n . . . = 1, . . . , 10. Clearly, this 
background solves the leading order bosonic equations of motion (|2.3| ) and (|2.4| ). At order 
/3, additional higher-derivative terms appear in the 11-dimensional equations of motion and 
corrections of the same order will have to be added to the above background. It is not 
a priori clear that suitable corrections to the background exist in order for it to remain 
a solution at order /3. We have seen that the integrability condition ( |3.6| ) is a necessary 
condition for this to be the case. In the absence of flux and membranes, the integrability 
condition is solved by Calabi-Yau flve- folds with C4^{X) = and, in the previous section, 
we have given an explicit example of such a five- fold. In Ref. |^, it has been shown that 
a full solution at order (3 does indeed exist in this case. For five- folds with C4(X) ^ flux 
and/or membranes need to be included in order to satisfy the integrability condition and 
we have seen that this can be achieved for a number of simple examples. In this case, the 
existence of a full 11-dimensional solution at order (3 has not been analysed in detail. In 
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the presence of flux, one expects a scalar potential in the effective one-dimensional theory. 
Flux potentials frequently lead to some runaway direction in moduli space and in such 
cases, one would not expect a static 11-dimensional solution to exist. The study of 11- 
dimensional solutions based on five-folds at order (3, generalising the results of Ref. ^ , is 
an interesting subject to which we intend to return in a future publication. In the present 
paper, we focus on deriving the one-dimensional effective theory for backgrounds where 
the integrability condition ( |3.6D is satisfied and under the assumption that a full order (3 
background can be found. For now we will focus on the effective action at zeroth order 
in P for which the above simple background is sufficient. Higher order corrections to the 
effective action and, in particular, the scalar potential due to fiux will be discussed later. 

We start with the reduction of the bosonic part of the action before we move on to the 
fermionic terms in the second part of this section. 

4.1 Performing the dimensional reduction: the bosonic part 

Our starting point is the bosonic part of 11-dimensional supergravity ( p.2| ) which cor- 
responds to the leading, zeroth order terms in a /? expansion together with the back- 
ground (4.1). The order /? Green-Schwarz term (2.10) will also play a certain role. We now 



need to identify the moduli of this background. As discussed in detail in Appendix B.4, the 



formalism to deal with Calabi-Yau five-fold moduli spaces is largely similar to the one de- 



veloped for Calabi-Yau three- folds [16|. Here, we only summarise the essential information 
needed for the dimensional reduction. As for Calabi-Yau three-folds, the moduli space of 
Ricci-fiat metrics on Calabi-Yau five-folds is (locally) a product of a Kahler and a complex 
structure moduli space which are associated to (1, 1) and (2, 0) deformations of the metric. 
They can be described in terms of harmonic (1, 1) forms for the Kahler moduli space and 
harmonic (1,4) forms for the complex structure moduli space. We begin with the Kahler 
moduli which we denote by f = t*(r), where = 1, . . . , /i^'^(X) and r is time (for a 

summary of our index conventions see Appendix They are real scalar fields and can 
be defined by expanding the Kahler form J on X in terms of a basis {cjj} of H'^(X) as 

J = fiOi . (4.2) 

The complex structure moduli are denoted by z"" = 2:"(r), where a,b, . . . = 1, . . . , h^'^{X), 
and these are, of course, complex scalar fields. 

After this preparation, the ansatz for the 11-dimensional metric including moduli can 
be written as 

ds'^ = --Nirfdr^ + gmn{t\ z\ z'')dx'^dx'' (4.3) 

where N = N{t) is the einbein or lapse function. The lapse function can, of course, 
be removed by a time reparameterization. However, its equation of motion in the one- 
dimensional effective theory is the usual zero-energy constraint (the equivalent of the Fried- 
man equation in four-dimensional cosmology). In order not to miss this constraint, we will 
keep N explicitly in our metric ansatz. 

The zero modes of the M-theory three-form A are obtained by an expansion in harmonic 
forms, as usual. From the Hodge diamond ( |B.2| ) of Calabi-Yau five-folds, it is clear that 
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only the harmonic two- and three- forms on X are relevant in this context. For the latter 
we also introduce a basis {vp}, where p,q, . . . = 1, . . . , h'^'^{X). The zero mode expansion 
for A can then be written as 

A = ieiT)i^p + c.c.) + Nfi'ir) A dr , (4.4) 

with /i^'^(X) complex scalar fields and h^'^(X) real scalars f/. It is clear that the 
latter correspond to gauge degrees of freedom since Nfi^{T)uJi A dr = d{P{T)uJi) with the 
function /* being integrals of N Note that N enters here merely to ensure worldline 
reparameterization covariance. Since the fields do not represent physical degrees of 
freedom, the one-dimensional effective action should not depend on these modes. It is, 
therefore, safe to ignore them in the above ansatz for A. Nevertheless, we will find it 
instructive to keep these modes for now to see explicitly how they drop out of the effective 
action. 

Further zero-modes can arise from membranes if they are included in the compactifi- 
cation, such as moduli of the complex curve C which they wrap and their superpartners. 
Presently, we will not include these additional modes but rather focus on the modes from 
pure 11-dimensional supergravity. 

While the way we have parametrised the zero modes of A in eq. ( [4.4| ) appears to be 
the most natural one, it is not actually the most well-suited ansatz for performing the 
dimensional reduction. This is due to the fact that we have split a three form into (2, 1)- 
and (l,2)-pieces (ignoring the gauge part for the moment) the choice of which implicitly 
depends on the complex structure moduli. If carried through, this leads to an unfavourable 
and complicated intertwining of kinetic terms of the (2,1)- and (l,4)-fields in the one- 
dimensional effective action (that is, terms involving products of the like ^^z"" etc.), which 
would in turn force us into attempting lengthy field re-definitions in order to diagonalise 
the kinetic terms. 

It would, on the other hand, be much more economic to start out with a formulation 
in which no such mixing of kinetic terms arises in the first place. Indeed, it is possible to 
circumvent, yet fully capture, this complication by using real harmonic 3-forms instead of 
complex (2, 1)- and (l,2)-forms to parametrise the three-form zero modes. Real harmonic 
3-forms can be naturally locked to 3-cycles and thus represent topological invariants. In 
order to employ them in the ansatz for A, we first need to introduce a basis {-^•p}p=i,...,b3(x) 
of real harmonic 3-forms on X. Instead of eq. ( |4.4| ), we can then write 

A = X'^{t)Nv + Nii\t) io.AdT , (4.5) 

with b^{X) = 2/i^'^(X) real scalar fields and h^'^{X) real scalars /i*. The two ansatze 
for A are readily related by devising linear maps, denoted 21 and *B, translating back and 
forth between real harmonic 3-forms and complex harmonic (2,1)- or (l,2)-forms. These 
maps implicitly depend on the complex structure moduli, 2t = 2l(z, z), *B = 5B(z, z). In 
fixed bases, they possess a matrix representation: 

i^p = %^Nq (and: % = %^Nq) , (4.6) 
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N-p = ^v'^ug + "Bp^Uq . (4.7) 

Inserting eqs. (|4|)-(g3) into eqs. (|^-(|^, we learn how the two formulations are related 
at the level of zero mode fields 

e = X^^qP (and c.c), (4.8) 

X^ = + • (4.9) 

For the reasons outlined above, we henceforth adopt the 3-form formulation. At each 
step of the calculation, one may, of course, revert if desired to the complex (2, l)-form 
formulation using eqs. (|4.6| ) - ([4.9D and the results of Appendix B.4.l| , which is devoted to 



providing a more detailed exposition of the moduli space of real 3-forms on Calabi-Yau 
five-folds. One particularly important observation is that the moduli space of real 3-forms 
is itself equipped with a complex structure A inherited from the complex structure of the 
Calabi-Yau five-fold and explicitly constructed out of 2ts and !Bs as 

Ap2 := i(53p%2 _ iB^92t-2) , (410) 

It is readily verified that A satisfies the properties of a complex structure. 

The 21 and *B matrices turn out to be an effective way to parametrize our ignorance 
of the actual dependence of the (2, l)-forms on the complex structure moduli and it would 
be nice to find explicit expressions instead. However, we are not aware of a method to 
calculate this dependence explicitly. 



Returning to the metric ansatz in ( [4. 3D , we can now compute the eleven dimensional 
Ricci scalar R. As usual, for given values of the complex structure moduli, we introduce 
local complex coordinates and z^, where /U, i/, . . . = 1, . . . , 5 and /Z, P, . . . = 1, . . . , 5, so 
that the metric is purely (1, 1), that is the components g^p are the only non-vanishing ones. 
This leads to 

^N-'R = m^-^ {N-'g^'g,,) + g'^'g'^gf.^gup + g^'g"' g^^aQvp 

+ Ig'^^g^^g'^Pg^p + AN-^Ng'^^g^p. (4.11) 

where here and in the following the dot denotes the derivative with respect to r. Into this 
expression, we have to insert the expansion of the metric ( |B.67| ) which can also be written 
as 

gfip ~ ~'''^i,ij,pt ) gflu — ~ -|^2| 12 ^fj-^^ ^*Xa,/2i.../i4!^^ ) gp,p — isifiu) ■ (4-i2) 

Here {xa}, where a, 6, . . . = 1, . . . , h^'^(X), is a basis of harmonic (1, 4) forms. Further we 
need the field strength G = dA for the three-form ansatz ( |4.5| ) and its Hodge dual which 
are given by 

G = X'''dT^Np, *G = -N-^X^Ap^NqAJ"^ . (4.13) 
To derive the second equation we have used the result ( |B.102 ) for the dual of a real 3-form 



on a Calabi-Yau five-fold. The A appearing here has been defined in eq. (|1^) and IS 



discussed further in Appendix B.4.1 
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Inserting the ansatz (|4.3D , ( [4.51) together with the last three equations into the bosonic 



action (2.2) and integrating over the Calabi-Yau five-fold, one finds the bosonic part of the 



one-dimensional effective action 

(4.14) 

at order zero in the /3 expansion. Here / = vj and v is an arbitrary reference volume of 
the Calabi-Yau five- fold ^. The moduli space metrics in the (1,1), (1,4) and 3-form sectors 
are given by 

gS]'^^ (t) = 4 ^ c^i a + WwiW^ , (4.15) 



^^lrfei) = ^f4^> (4-16) 



Ggs&l'l)= / A^7'A*iVQ, (4.17) 

where cDj = g^'^uJi^^j^y. Since /i^'-'^(X) need not be even, cjj'"^^ is a genuinely real metric 
that cannot be complexified in general. This is compatible with the anticipated N = 2 
supersymmetry in one dimension, which only demands target spaces of sigma models to 



be Riemannian manifolds [|10|. Using the results of Appendix |B.4| , these metrics can be 
computed as functions of the moduli. In the (1, 1) sector we have 



G^ii) = gir'(t) - 25'^ = - , (4.18) 



2 



3 Kij Ki 



3 6 K 



where k is a quintic polynomial in the Kahler moduli given by 



K = ^\V = di^.„i,fK..f'' , di^,..i,= uJi,A---AuJi,, (4.19) 

Jx 

dii...i5 are intersection numbers and Ki = da^.^i^t'^'^ . . .f^, Kij = diji^i^i^f^f*f^. The stan- 
dard moduli space metric Gij'^\ as defined in Appendix |B.4| , can be obtained from the 
Kahler potential K^^'^^ = — ^Iuk as Qij'^^ = didjK'^^'^K We note that the physical sigma 



model metric ( 4.1^ ) differs from the standard moduli space metric Gi]'^^ by a term pro- 



portional to KiKj and a rescaling by the volume. The latter is not really required at this 
stage and can be removed by a redefinition of time r but it will turn out to be a useful 
convention in the full super symmetric version of the effective action. The additional term, 
however, cannot be removed, for example by a re-scaling of the fields f. As a consequence, 
unlike the standard moduli space metric, the physical metric is not positive definite. In 
the direction li* ~ t* we have G^^'^^^u^u^ < while for all perpendicular directions n*, 
defined by G^^'^^t^u^ = 0, we have G'^]'^^u^u^ > 0. This means G^^'^^ has a Minkowski 



Related factors of 1/v should be included in the definition of the moduli space metrics (4.15)-(4.17) 
but will be suppressed in order to avoid cluttering the notation. These factors can easily be reconstructed 
from dimensional arguments. 
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signature (— 1, +1, . . . , +1). This is in contrast to, for example, M-theory compactifica- 



tions on Calabi-Yau three-folds [16, 30| where the sigma model metric in the (1, 1) sector is 
identical to the standard moduli space metric and, in particular, is positive definite. In the 
present case, the appearance of a single negative direction is, of course, not a surprise. Our 
sigma model metric in the gravity sector can be though of as a "mini-superspace" version 
of the de-Witt metric which is well-known to have precisely one negative eigenvalue p]| . 
Here, we see that this negative direction lies in the (1, 1) sector. Another difference to 
the Calabi-Yau three-fold case is the degree of the function k. For three-folds k is a cubic 
while, in the present case, it is a quintic polynomial. 

We now turn to the (1,4) moduli space metric G^^'^^ which is, in fact, equal to the 
standard moduli space metric in this sector and can, hence, be expressed as 



ab 



X 



(4.20) 



in terms of the Kahler potential K^^'^\ This is very similar to the three-fold case. In 
particular, C^^'^^ is positive definite as it should be, given that the single negative direction 
arises in the (1,1) sector. 



Finally, in the 3-form sector one finds from the results in Appendix B.4.1 that the 
metric can be written as 

GPQ{t,z,z) = ^A(^p^dQ^ni/t^ , dpQij = j^Nv ANQAuJiAujj , (4.21) 

where we have introduced the intersection numbers d-pQij = —dg-pij, which are purely 
topological. The metric ( [4.21| ) is Hermitian with respect to the complex structure A (see 
eq. ( pHoD ). 



This completes the definition of all objects which appear in the action ( |4.14| ). 

We see that this action does not depend on the gauge degrees of freedom /x* which 



appear in the ansatz (4.4) for the three- form A, as should be the case. This demonstrates 
/i* independence at zeroth order in f3 but what happens at first order in /3? At this order, 
there are three terms in the 11-dimensional theory, all of them topological, which contribute 
to dependent terms in one dimension. These are the Chern-Simons term A AG AG in 
eq. (2^), the Green-Schwarz term ( p. 10 ) and the Wess-Zumino term in the membrane 



action eq. ( p. 14 ). Evaluating these three terms leads to the one-dimensional contribution 

5B,gauge = -^ J drN [l2gAg + 24.W-Ci{X)]it,\ (4.22) 

where /?i = {2Tr)^p/v^/^ is the one-dimensional version of the expansion parameter /3. The 
notation [. . .]j indicates the components of the eight-form in brackets with respect to a 
basis {w*} of harmonic eight-forms dual to the harmonic two-forms {coi}. Hence, at order 
P the ^* dependent terms do not automatically vanish. However, the bracket in eq. ( 4.22| ) 



vanishes once the integrability condition ( |3.6D is imposed. Put in a different way, the 
equation of motion for /x* from eq. ( f4.22| ) is simply the integrability condition (|3.6| ) 

12g Ag + 24:W - C4iX) =0 . (4.23) 
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Hence, the role of the gauge modes /i* is to enforce the integrabihty condition at the level 
of the equations of motion and, once the condition is imposed, the gauge modes disappear 



from the action as they should. The condition (3.6) can, therefore, also be interpreted as 
an anomaly cancellation condition which has to be satisfied in order to prevent a gauge 
anomaly of the M-theory three- form A along the Calabi-Yau (1,1) directions. 

4.2 Performing the dimensional reduction: the fermionic part 

One may ask if an explicit dimensional reduction of the fermionic part of the 11-dimensional 
action is really necessary, for in many other cases, once the bosonic terms in the 

effective action are known the fermionic ones can be inferred from supersymmetry. In the 
present case, there are a number of reasons why reducing at least some of the fermionic 
terms might be useful. First of all, the structure of the bosonic action ( f4.14| ) points to some 
features of one-dimensional M = 2 supersymmetry which have not been well-developed in 
the literature. For example, the bosonic action ( [4.14 ) indicates a coupling between the two 



main types oi M = 2 supermultiplets, the 2a and 26 multiplets, which, to our knowledge, 
has not been worked out in the literature. Also, in the last section, we have seen that it is 
important to keep the lapse function as a degree of freedom in the one-dimensional theory, 
as it generates an important constraint. In the context of supersymmetry, the lapse is part 
of the one-dimensional supergravity multiplet which one expects to generate a multiplet 
of constraints. Therefore, even though gravity is not dynamical in one dimension, we need 
to consider local one-dimensional N = 2 supersymmetry. Again, it appears this has not 
been developed in the literature to the extend required for our purposes. We will deal with 
these problems in Appendix |C| where we systematically develop one-dimensional M = 2 
supersymmetry and supergravity both in component and superspace formalism. At any 
rate, given that the relevant supersymmetry is not as well established as in some other 
cases, it seems appropriate to back up our results by reducing some of the 11-dimensional 
fermionic terms as well. Finally, the list of M-theory zero modes on Calabi-Yau five-folds 
in Table |l| contains (1,3) fermionic zero modes but no matching bosons. This feature is 
somewhat puzzling from the point of view of supersymmetry and can certainly not be 
clarified from the bosonic effective action alone. 

In this section, we will, therefore, reduce the terms in the 11-dimensional action 
quadratic in fermions. These results together with the bosonic action are sufficient to 
fix the one-dimensional action in superspace form uniquely and, in addition, provide us 
with a number of independent checks. Four-fermi terms in the one-dimensional theory are 
then obtained from the superspace action and we will not derive them by reduction from 
11 dimensions. 

We should start by writing down a zero mode expansion of the 11-dimensional gravitino 
^ M on the space-time = M x X. The covariantly constant, positive chirality spinor on 
X is denoted by r] and its negative chirality counterpart by ry* (for a summary of our spinor 
conventions see Appendix^). The spinor 77 is characterised by the annihilation conditions 
^P-fj = 0. Further, by we denote the harmonic (p, q) forms on X. Then, following 



the known rules for writing down a fermionic zero mode ansatz (see for example Refs. [32 
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^1.7.1, m §3.2.5), we have 

*o = V'o(r)®r/* + Vio(r)®7?, (4.24) 



{p,q)V / ^V (j),Q,i...a(pj/3i.../3(^_-^j/i ' ' ^' V / 

*M = (^/i)* • (4-26) 

Here, Cjj^^^ and C(p g) 'ire one-dimensional complex fermions which represent the zero-modes 
in the {p, q) sector of the Calabi-Yau five-fold and is the one-dimensional gravitino. The 
sums over (p, q) in ( |4.25| ) run over all non-trivial cohomology groups of the five-fold. Let 
us discuss the various {p, q) sectors in the first sum in ( pSD in detail. For {p,q) = (1,4) 



the number of annihilating gamma matrices, exceeds the number of creating ones, 7^, 
and, as a result, this term vanishes. Further, for all cases with q = p + 1 the number 
of creation and annihilation gamma matrices is identical. Anti-commuting all jP" to the 
right until they annihilate rj one picks up inverse metrics g^'^ which ultimately contract the 
harmonic {p,p+ 1) forms oj^''''^^^ to harmonic (0, 1) forms. Since the latter do not exist on 
Calabi-Yau five-folds all terms with q = p + 1 vanish. This leaves us with the cases where 
p > q. Among those, only the terms with {p,q) = (2,2), (3,2) contain both creation and 
annihilation matrices. For {p,q) = (2,2), anti-commuting leads to a single inverse metric 
which converts the harmonic (2,2) forms into harmonic (1, 1) forms. Therefore, the (2,2) 
part can effectively be absorbed into the (1, 1) term and does not need to be written down 
independently. The same argument applies to the (3, 2) part which can be absorbed into 
the (2, 1) contribution. By the gamma matrix structure and the annihilation property of 
T]* all but the (5, 0) term in the second sum in ( [4.25| ) vanish. Using the Fierz identity 
(see eq. ( p.51| )) the (5,0) term in the second sum can be converted into a term with the 
(1, 1) structure of the first sum and can, hence, be absorbed by the (1, 1) contribution. 
In summary, all we need to write down explicitly are the (p, q) terms with q = 1 and 
p = 1,2,3,4. 

For the same reason as explained in the previous subsection on the bosonic reduction, it 



is advantageous to use the real 3- form formulation developed in Appendix |B. 4.1 to capture 



the dynamics of the (2, l)-sector while avoiding off-diagonal kinetic terms mixing in time 
derivatives of (4, l)-fields. Similarly, we will use the real 4-form formulation, also described 



in Appendix B.4.1, in the (1, 3)-sector. A general 4-form, which is always purely topological, 
can be decomposed into (1,3), (3, 1) and (2,2) pieces using the complex structure of the 
Calabi-Yau five- fold X. Henceforth, we will restrict our attention to Calabi-Yau five- folds 
whose (2, 2)-forms are completely generated by the product of two (l,l)-forms. All the 
concrete examples of Calabi-Yau five-folds considered in this paper are of this type (see 



Appendix B^). In this case, the (2, 2)-piece of a real 4-form can be split off from the rest in 
a complex structure independent way and the fate of the (2, 2)-part of the gravitino ansatz 
is as described in the previous paragraph. As a shorthand, we will refer to a 4-form that 
only comprises a (1,3) and a (3, 1) piece as a 4-form and given the restriction on /i^'^(X), 
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this restriction is also purely topological. The 4-forms are thus well-suited to describe the 
(1, 3) + (3, l)-sector of the reduction in a way independent of the complex structure moduli. 
To this end, it is convenient to choose a particular basis of real 4-forms, {Ox}x=i,...,b-''{x)^ 
such that the first 2/i^'^(X) 4-forms, denoted {O-^}-^^^ 2/ii>3(Jf)' contain (1,3) and 
(3, l)-pieces and the remaining /i^'^(X) 4-forms, denoted {0-j^}-j^^^ ^2,2(x), only contain 
(2, 2)-parts. This basis choice is complex structure independent for the class of manifolds 
under consideration. The 4-forms then lie in the sub- vector space spanned by {0_;f }• For a 
general Calabi-Yau five-fold, a more complicated intertwining of the Kahler and complex 
structure moduli with the (l,3)-fields arises leading to additional interaction terms in the 
one-dimensional effective action. It should be appreciated that this is a relatively mild 
restriction as it only affects the (1, 3)-sector's couplings to fields of other sectors. Our 
analysis of all other sectors by themselves does not rest on this restriction. 



After some relabeling, adopting the notation in Appendix B.4 for the harmonic forms 



and introducing numerical factors for later convenience, the gravitino ansatz now reads 
'^o = M^)^V* + M^)^ri, (4.27) 
= ^\r) (a;i,ai/i7°^^) + ^A^(r) ^ (iVp,„,„2A7"^"'r/) 

+ ^T^(r) (0;e,„,...,3^7"^-"^r?) - ^R^ir) (PH" ^X.,ai...a4/i7"^-"N), (4-28) 
= (^/i)*, (4.29) 

The four terms in eq. (|]2D correspond to the (1, 1), (2, 1), (3, 1) and (4, 1) sectors, respec- 
tively. The harmonic (1, 1) forms are denoted by tOi, where i, j, . . . = 1, . . . , h^'^{X), the real 
3-forms are denoted by N-p, where V, Q, . . . = 1, . . . , b^{X), the real 4-forms by O^, where 
X,y,... = l,...,2h^'^{X) and the (1,4) forms by Xa, where a,b,... = 1, . . . ,h^'^{X). In 
the same order, the associated zero modes, which are complex one-dimensional fermions, 
are denoted by V'*) A^, and k"". It is clear that the number of zero modes cannot be 
reduced any further and that these four types of modes are independent. Three of them, 
the (1, 1), 3-form and (1,4) modes pair up with corresponding bosonic zero modes in the 
same sectors. The 4-form modes, however, have no bosonic zero mode partners, as men- 
tioned earlier and one of our tasks will be to understand how they can be incorporated 
into a supersymmetric one-dimensional effective theory. 

Had we written the second term in eq. (4.28) in (2, l)-language ^'^ = . . . — l/4A^(r) 



{^'p,aia2fil°^^°^'^'n) + • • •, we would have identified a set of h?'^{X) complex one-dimensional 
fermions in this sector. From eq. ( f4.28| ) however, there appear to be h^{X) = 2h'^'^(X) 
complex one-dimensional fermions. This apparent factor of two discrepancy in the number 
of degrees of freedom is resolved by observing that a successive insertion of eqs. (B.93)- 



( B.96| ) into the second term in eq. ( |4.28 ) leads to a constraint in the form of a projection 



condition on the 3-form fermions 

P+v^A^ = A2 , (and: P.-p^U" = A^) , (4.30) 

where P±'p^ were defined in eq. ( B.104| ). This condition, which is equivalent to P^-p^K^ = 



0, precisely halves the number of degrees of freedom so as to match the counting in (2, 1) 
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language. In other words, there are 1/2 b^{X) = /i^'^(X) complex one-dimensional fermions 
in this sector, as claimed in Table ||. It can be shown that this constraint also applies to 
the time derivative and supersymmetry transformation of 



(4.31) 



implying in particular that the projection operators commute with both supersymmetry 
and time translation when acting on A^ 



[P±v^,do] A^ = 



5^] A^ = 0. 



(4.32) 



The projection condition is thus preserved under both operations as is required by con- 
sistency. Eqs. ( 4.3C| )-( |4.32 ) will play important roles in finding the correct superspace 
formulation for this sector later in section |5|. 

By complete analogy, we learn that the 4-form sector really only contains h^'"^{X) 
complex one-dimensional fermions (cf. Table and not 2h^'^{X) as is suggested by the 
third term in eq. ( [4.28| ). By using eqs. ( [B.118D and ( [B.12C| ) and the third term in eq. ( 4.2^ ), 
we infer 

(4.33) 



P+y^T^ 



T 



(and: P.^-^T 



T 



thereby halving the number of degrees of freedom. The projection operators P±y''^ were 



defined in eq. (^l30| ). Eq. (|433D implies 



P 



X 



X 



P±v'',do 



= 
= 



(4.34) 
(4.35) 



guaranteeing the preservation of the projection condition under time translation and su- 
persymmetry. The compatibility conditions ( 4.34 )- (|4.35| ) are, of course, required for con- 
sistency. 



In order to reduce the fermion terms, we also need explicit expressions for the vielbein, 
its time derivative and the spin connection. In particular, it should be kept in mind that 
the gravitino ansatz ( [4.27D -( [l.29D implicitly depends on the vielbein since the curved index 
gamma matrices 7^ that appear have to be replaced by flat index gamma matrices 7^ 
via 7^ = e^J^y. We begin with the vielbein. From the metric ansatz ( [4.3[ ) with the 10- 
dimensional metric taken to be purely (1, 1) its non-zero components are cq- = —N/2, e^- 
and e^-, so that g^p = e^^ep-r/pa; is the Ricci-flat metric on the Calabi-Yau five-fold. Of 
course, the 10-dimensional part of the vielbein depends on the Calabi-Yau Kahler moduli 
4* = t*(r) and the complex structure moduli 2" = z"(r) and, hence, its time-derivative is 



non-zero. From the time derivative ( 4.12 ) for the metric one finds 



1 



12111^1 



(4.36) 
(4.37) 
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and similarly for the complex conjugates. From the equations above and the covariant 
constancy of the vielbein, we find expressions for the 11-dimensional spin-connection lon——. 
Its only non-zero components are given by 

= -iN-^u;i^/ep^i\ (4.38) 

u^,^ = -^^N~'n^f'----^^Xa,f.,...f.,peP^z^, (4.39) 

plus their complex conjugates and the components of the Calabi-Yau spin connection, 
computed from the 10-dimensional vielbein em.—- The complex conjugates of the compo- 
nents listed above are, of course, also present. The components of the eleven dimensional 



covariant derivative, defined in eq. (2.6), then become 

Do = do, (4.40) 
D^ = D,+ '-N-'u;,,^,i'7'r^ + Y^^A^-'f^/"-^*Xa,^i...A4.^Vr^, (4-41) 
Dp = {D,r, (4.42) 

where is the covariant derivative on the Calabi-Yau five- fold. 

We are now ready to perform the reduction. Inserting the gravitino ansatz ( |4.27| )-( ^.29| ) 



into the fermionic action (2^) produces a vast number of terms - even when restricting to 
terms quadratic in fermions. Each of these terms contains a product of a certain number 
of gamma matrices sandwiched between two spinors r] or rf . Luckily, on a Calabi-Yau five- 
fold there only exist a very limited number of non-vanishing such spinor bilinears, namely 
rj^'U, Jfip, ^fii...fi5 and their complex conjugates (see Appendix for details). As a result. 



many terms in the reduction vanish immediately, due to their gamma matrix structure. 
The remaining terms can be split into two types. The first type leads to one-dimensional 
fermion kinetic terms and such terms originate from the 11-dimensional Rarita-Schwinger 



term in the action (2^). The second type leads to one-dimensional Pauli terms, that is 



couplings between two fermions and the time derivative of a boson, which descend from all 
the remaining terms in the action (2^), quadratic in fermions. 

After inserting the gravitino ansatz and integrating over the Calabi-Yau manifold, the 
Rarita-Schwinger term gives rise to the following fermion kinetic terms 

SFMn = -\j dr'- {GSj'^)(t)(V^V^- - V'V^') + G^^lit,z,z)iAPkQ - A^A^) 

+3Gjl(i)(T^t^ - t-^fy) + AV{t)G';^^^\z,z){K''k^ - /i'^K^)} . (4.43) 

Here, g\^'^\ G^q and G^^''^'* are the moduli space metrics for the (1, 1), 3-form and (1,4) 
bosons exactly as defined in the previous sub-section (see eqs. ( 4.15 )-( ^T7|) ). Since there 



are no 4-form bosons, we have not yet encountered the metric G^^\ . It is given by 

G%{t)= [ O^A*Oy = -d^y/ , d^y^= [ O^AOyAu;i (4.44) 
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in terms of the intersection numbers d^^^y- = dy^^-, which are purely topological for the 
class of five-folds we are considering. To evaluate *Oy in the above integral we have used 
the result for the Hodge dual of 4-forms from eq. (B.126). 

Reducing the other fermion bilinear terms in the 11-dimensional action ( |2.5| ) we find 
for the Pauli terms 



+iN-'G%{t, z, I) (A^V'o + A^i^o)X^ + iG% .{t, z, iWA^ + i^'K^)X^ 

-^G%Jt,z,-z)A^~AQi^ + G^^ljt,z,zKAPxQ 
+ '-G%-,{t,z,-z)A'-AQ-z-^ - G%.{t,z,-z)R'A'PxQ (4-45) 
+2iVG^Y\z,z)K''Kh^ - 2iVG^^{^}{z,z)K''R^r 

ao,c ^— ' — ' ab,c ^— ' — ' 

-^K,G^^'^\z,z){^'Rh'' - v^v'^i"^; 

This completes the dimensional reduction of the fermionic part of the 11-dimensional action 
at the level of terms quadratic in fermions. Our complete result for the one-dimensional 
effective action in components, four-fermi terms not included, is given by the sum of the 
bosonic action ( [4.14| ) and the two fermionic parts ( 4.43| ) and ( 4.45 ). Next, we have to verify 
that this action is indeed invariant under one-dimensional N = 2 local supersymmetry, as 
it should be. In the following section, we will do this by writing down a superspace action 
whose associated component action coincides with our reduction result. This superspace 
action then also determines the four-fermion terms, which we have not explicitly computed 
from the dimensional reduction. 



5. Supersymmetry and Calabi-Yau five- folds 

Compactification on Calabi-Yau five-folds reduces the number of supersymmetries by a 
factor of 16, so the effective theory derived in the previous section should, in fact, have 
one-dimensional N = 2 supersymmetry. We will now show that this is indeed the case. Our 
first step is to identify how the five-fold zero modes have to be arranged in one-dimensional 
N = 2 supermultiplets. This is done by reducing the 11-dimensional supersymmetry trans- 
formations to one dimension and comparing the result with the known supersymmetry 
transformations of the various types of one-dimensional multiplets. Then, we write down 
a superspace action and show that its associated component action, after integrating out 
auxiliary fields and neglecting four-fermi terms, is identical to the component action de- 
rived from reduction. As we have already mentioned, the required one-dimensional J\f = 2 
theories have not been worked out in sufficient detail and generality for our purposes. We 
have, therefore, included a systematic exposition of both globally and locally supersym- 
metric one-dimensional Af = 2 theories, tailored to our needs, in Appendix |^. Here, we 
will briefly summarise the main results of this appendix, focusing on the structure of the 
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multiplets and other information necessary to relate N = 2 superspace and component 
actions. 



One-dimensional, J\f = 2 superspace ( "supertime" ) is labelled by coordinates {t,6,6) 
where is a complex one-dimensional spinor^ and 6 its complex conjugate. General su- 
perfields are functions of these coordinates and can, as usual, be expanded in powers of 
9 and 9 to obtain their component fields. Since 9'^ = 9^ = 0, only four terms arise in 
such an expansion, namely the theta- independent term and the ones proportional to 9, 9 
and 99. In order to develop the geometry of supertime one needs to introduce a super- 
vielbein, a superconnection and supertorsion and solve the Bianchi identities subject to 
certain constraints on the torsion tensor. This is explicitly carried out in Appendix ^ and 
here we simply cite the main results. The field content of the supergravity multiplied can 
most easily be read off from the component expansion of the super-determinant £ of the 
supervielbein. It is given by 

£ = -N-'-9i;o-'fi^o, (5.1) 

where is a real scalar, the einbein or lapse function and ipQ is a complex fermion, the 
one-dimensional gravitino or lapsino. 

A 2a multiplet is a real supermultiplet, that is a supermultiplet 4> satisfying = </>. 
Its component expansion is given by 

^ = ip + i9ij + i9i; + h9f , (5.2) 

and contains the real scalars (p and / and the complex fermion ip. The highest component 
/ turns out to be an auxiliary field so we remain with a real scalar and a complex fermion 
as the physical degrees of freedom. 

A 26 multiplet, Z, is defined by the constraint "DZ = 0, where D is the super-covariant 
derivative 

V=(l- '-N-^9^0 - \N-H9iJoij^ de + (^N-^9--^N-He^^ do - '-N-^U^de 



(5.3) 



and T> its conjugate. For the component expansion of a 25 multiplet one finds 



Z = z + 9k+^-N-^99{z-^qk) , (5.4) 

with a complex scalar z and a complex fermion k. Unlike a 2a multiplet, a 26 multiplet 
does not contain an auxiliary field so that its physical field content consists of a complex 
scalar and a complex fermion. This distinction in physical field content between 2a and 
26 multiplets will be useful in identifying the supermultiplet structure of the five-fold zero 
modes. 

For both 2a and 26 multiplets fermionic versions exist, that is multiplets satisfying the 
same constraint as their bosonic counterparts but with a fermion as the lowest component. 



'For our spinor conventions see Appendix |^. 
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Here, we only need the fermionic 2b multiplet, R, defined by the constraint DR = 0. Its 
component expansion 

R = p + 0h+^N-^ee{p-ipoh) (5.5) 

is analogous to that of an ordinary 2b multiplet except that the lowest component, p, is 
now a (complex) fermion, while /i is a complex scalar. As we will see, for a suitable chosen 
action, the scalar h is an auxiliary field so that the fermion p is the only physical degree of 
freedom. 

A superfield action can now be written as an integral / drcPOS over some function 
of the above fields and their super-covariant derivatives, where d?6 = dO d6. Explicit 
superfield actions and their component expansions as required for our purposes are given 
in Appendix |C|. 

5.1 M = 2 supersymmetry transformations and multiplets 

We should now identify how the zero modes of M-theory on Calabi-Yau five-folds fall into 
super-multiplets of one-dimensional M = 2 supersymmetry. It is a plausible assumption 
that bosonic and fermionic zero modes that arise from the same sector of harmonic (p, q) 
forms on the five- fold pair up into supermultiplets. For example, the h}-'^{X) Kahler 
moduli t should combine with the same number of (1, 1) fermions V**- Since the Kahler 
moduli are real scalars the resulting /i^'^(X) supermultiplets must be of type 2a. In 
the (1,4) sector, on the other hand, we have /i^''^(X) complex scalars z"" (the complex 
structure moduli) and the same number of complex fermions so one expects /i^'^(X) 
supermultiplets of type 26. The 3- form sector is somewhat more peculiar. There are 6^(^) 
real scalars and the same number of complex fermions A^ fitting nicely into 6^(^) 
2a multiplets. However, we also need to take into account the constraint ( 4.3C| ) on the 



fermions, which halves their number. The result is a set of constrained 2a multiplets with 
the same number of degrees of freedom as 1/2 6^ (X) 2b multiplets, reminding us of their 
original nature. This leaves us with the 4- form fermions T"^. They have no bosonic zero 
mode partners so cannot be part of either the standard 2a or 26 multiplets. The natural 
guess is for them to form 2/i^'^(X) fermionic 26 multiplets. As for the 3-form fermions, 
there is the constraint ( [4.331 ), which reduces their number to by a factor of two. That is, we 
have /i^'^(X) complex one-dimensional fermions in this sector. Finally, the lapse function 
and the component V'o of the 11-dimensional gravitino should form the one-dimensional 
gravity multiplet. We now verify this assignment of supermultiplets by a reduction of the 
11-dimensional supersymmetry transformations. 



Our task is to reduce the 11-dimensional supersymmetry transformations ( p.8D for the 
metric ansatz ( [4.3| ), the associated spin connection ( 4.38D -( p.39 ), the three- form ansatz (^ 



and the gravitino ansatz ( [4.27| )-( 4.29D . We denote the spinor parameterising 11-dimensional 



supersymmetry transformations by e*-^^^ in order to distinguish it from its one-dimensional 
counterpart e. The 11-dimensional spinor can then be decomposed as 

e(ii) = le® 77* - ^e8)?] , (5.6) 
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where r] is the covariantly constant spinor on the Calabi-Yau five-fold. Inserting all this 
into the 11-dimensional supersymmetry transformations and collecting terms proportional 
to the same harmonic Calabi-Yau forms we find the supersymmetry transformations of the 
various zero modes. For the lapse function N and the time component "00 of the gravitino 
they are 

6eN = -eipo, 5eipo = ie, S^tpo = 

(5.7) 

6iN = etpo, ^eipo = 0, Setpo = -^e • 

These transformations are identical to the one for a one-dimensional M = 2 supergravity 
multiplet as can be seen by comparing with Appendix 

For the other zero modes we find the supersymmetry transformations 

(5.8) 
, (5.9) 
(5.10) 
(5.11) 

and similarly for the e-variation. The dots indicate terms cubic in fermions which we 
have omitted^. To arrive at the last equation in ( |5.9| ), we have performed a compensating 
transformation, making use of a local fermionic symmetry. Namely, the action ( |4.43| ) 
and ( [4.45| ) is invariant under 

SK^ = P-Q^l^ , (and: JA^ = P+q^I^) , (5.12) 

for a set of local complex fermionic parameters while all other fields do not transform. 
The constraint ( |430| ) on A^ may be viewed as a gauge choice with respect to this symmetry. 



(1,1): 


= 






5,v' = 


0, 


6,4,' = 


^N~hf + ..., 


3-form : 




= -eA^, 




5,A^ = 


= 0, 


4A^ = 


--iN-^eP-Q^X'^ + 


4-form : 




= + ..., 


6,f^ = 0, 










(1,4): 


b.z'' = 




= 0, 


S.k'' = 


0, 


6,R^ = 





The form of the last equation in ( |5.9| ) then guarantees the preservation of this gauge choice 
under a supersymmetry transformation as required by eq. (|4.31| ). Even though the 4- 
form fermions T"^ are subject to the same kind of constraint (cf. eq. ( [4.33[) ), there is no 
associated local symmetry. This is because the proof that ( ^.12]) is a symmetry crucially 
hinges on the Hermiticity of the 3-form metric (cf. eq. ( B.110| )), but the 4-form metric is 
not Hermitian. 

Again, comparing with the results for the supersymmetry transformations of the vari- 
ous one-dimensional M = 2 multiplets given in Appendix ^ we confirm the assignment of 
zero modes into supermultiplets discussed above. In particular, the transformation of the 
4-form fermions T'^ indicates that they should indeed be part of fermionic 2b supermulti- 
plets. 

To summarise these results, we write down the explicit off-shell component expansion 
for all superfields in terms of the Calabi-Yau five-fold zero modes and appropriate auxiliary 



*It may be a bit surprising that the transformations above do not seem to mix fields of different types 
(that is (1,1), (1,4), etc.) despite the plethora of cross-sector interaction terms in the action. However, 
this is merely an artifact due to the omission of (fermi)^ terms. That is, the sector-mixing terms in the 
transformations are all of order (fermi)^, which can be seen by taking the full, off-shell supersymmetry 
transformations of Appendix ^ and eliminating the auxiliary fields. 
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SUGRA 


(2a) 


(1,1) 


(2a) 


3-form 


(2a) 


4-form 


(26) — fermionic 


(1,4) 


(26) 



fields. Taking into account the component structure of the various supermultiplets derived 
in Appendix |C|, we have 

£ = -N -Ui^^-'-e^o. (5.13) 
T = f + 10^' + iOi^' + hef, (5.14) 

x'p = + ieA^ + ieA^ + heg'^, (5.15) 

Z" = z'' + Ok" + l^N-^eeii" - i^oK"), (5.17) 

where and H'^ are bosonic auxiliary fields. These auxiliary fields can, of course, not 

be obtained from the reduction (since 11-dimensional supersymmetry is realised on-shell) 
and have to be filled in "by hand". Full, off-shell supersymmetry transformations for all 
the above components are given in Appendix ^. 

5.2 The one-dimensional effective action in superspace 

Having identified the relevant supermultiplets and their components our next step is to 
write down an = 2 superspace version of the one-dimensional effective theory. For 
the most part, an appropriate form for the superspace action can be guessed based on 
the bosonic action ( [4.14| ). Basically, all one has to do is to promote the bosonic fields 
in this action to their associated superfields, replace time derivatives by super-covariant 
derivatives D or P and integrate over superspace. In addition, we need to implement the 
constraint ( |4.30| ) on the 3-form fermions A^ at the superspace level. The superpartner of 
the constraint ( [4.30D turns out to be 

= N-^Aq^X^ + N-^i^oA-P - VioA^) . (5.18) 

Note that since the only object in this equation depending on the complex structure moduli 
is Aq'^, it follows that Aq^ ^a^^ = 0. Constraints ( f4.3[l| ) and (5.18) form a constraint 
multiplet and can hence be obtained from a single complex superspace equation 

P-P^{Z_,Z)VX^ = , (and c.c.) , (5.19) 

where P^v^i^i^) is the superspace version of the projection operator P^-p^ defined 
m eq. (^lol ). The superspace constraint ( |5.19| ) follows from a superspace action by 
introducing a set of b^{X) complex fermionic Lagrange multiplier superfields L-p 

= lP + OL^^'^ + OL^ + ^eei^^^ . (5.20) 
The action for the fermionic Lagrange multiplier superfields is then given by 



j dT(fe£ [LqP-'p'^{Z,Z_)VX^ - LqP+v^{Z_,Z)VX^) . (5.21) 
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This takes care of all but the fermionic multiplets in the 4-form sector whose superfield 
action has to be inferred from the fermionic component action ( [4.43[ ), ( [4.45 ). In particu- 
lar, the 4-form part of the superspace action should be such that the bosons H"^ in the 
fermionic multiplets are non-dynamical. As for the 3-form case, we need to implement the 
constraint ( 4.33| ) on the 4-form fermions T'^ at the superspace level. The superpartner of 
the constraint ( [4. 331 ) is simply 



P+y^H^ = , (and c.c.) . 

Eqs. ( [4.33 ) and ( 5.22 ) are part of a single superspace equation 

P-y^iZ,Z)n^ = , (and c.c), 

which can be obtained from a superspace action principle 



X 



(5.22) 



(5.23) 



(5.24) 



by means of a set of 2 /i ' (X) complex fermionic Lagrange multiplier superfields which 
have the same component expansion as in eq. ( |5.20| ). P±y'^ {Z_^Zi) are the superspace 
versions of the projection operators P±y'^ defined in eq. ( [8.1301) . 
Combining all this, the suggested superspace action is 



dr d^e £ ^^g\]'^\t)VTVT^ + gPq{T,Z_,Z)VX^VX^ - 3GJl(T)7^^7^^ 



+4V{T)G^^^^\Z,Z)VZ'"DZ~^ + (^LQP^p^iZ, Z)VX^ + Lj^P^y^ {Z,Z_)n^ + c.c.)} . 

(5.25) 

This action can be expanded out in components using the formula presented earlier and 
systematically developed in Appendix^ The result can be split into (1, 1), 3-form, 4-form 
and (1,4) parts by writing 



Sl = ^JdT + £(3) + £(4) + ^(1,4) I _ 



(5.26) 



For these four parts of the Lagrangian in ( 5.26| ) we find, after taking into account the 
constraints ( 4.30| ) and ( [5.18[ ) and using the formulae provided in Appendix B.4.1 



= lN-^G\]''\t)iH^ - '-Gi]''\tw^^ - v^>^-) + \NGf/\t)ff 

1 



I 

2' 



+ ^iV-iG;]'')(t)(^Vo + V^Vo)i^' + ^iV"'G';]'')(t)V^o^oV'V'' 



(5.27) 
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£(3) 



_ 1 

— -iV ^G):,'Q[t,Z,Z)X' - -^j,Qy 



-N~'G%it,z,-z)X^xQ - '-G%{t,z,z){A^^^ - A^A^) 



1 



NGPQ^^{t,z,z)A'-'A'''f + iG^^^,,a,i,l)(^*A'-^ + V^^A'^A 



(3) 



Ti \V\ yQ 



1 



(3) 



2 'PQ,'i 

.(3) 



a,l,l)A^A2(V.oV'' - V^o^') - NG%..{t,z,z)A^AQi;'ij^ 



+ GPQ^ait,z,-z)K^APxQ - G%-^it,z,-z)R'A'PxQ - NG% Jt,z,-z)A^AQK'^R'' 



- iNG% .aa,l,l)A^A2v;^Ai« - iNG% ,M,z,z)APaQ^P'k^ 



(3) 



£(4) 



--GS-(t)(T^t^ - T-^T^) + 3NG^%(t)H^Hy 
2 '^J' 



£(1,4) 



AN-WGl^/\z,z)i''^^ 



2iVG^^^^\z,z){K''R^ - k^R^) 



m~^VG^Y\z,z){'il:QK''t^ - iJoRh") + m~WG^};^\z,z)^lJoi^o^^''R^ 

(1,4). -N a-fe-c o„-T//-'(1.4), 



+ 2iVG]^f^{z,z)K''R^i'' - 2iVG^^'^^{z,z)K''R^t^ 
^^NK^d^Xz^D.'^R'r-lNK,,^^, 

^K,G^^^{z,-zWr\z'^ - Ivo^'^) + ^K.G[^/)(i,l)Vi^«"(# + ^-i^oR') 



- ^NK^G^^^\z,z)K''R'f - ^NK,,G^^^\z,z)k''r'^P'^^ 



(5.28) 



(5.29) 



(5.30) 



We should now compare this Lagrangian with our result obtained from dimensional reduc- 
tion in the previous section. To do this, we first have to integrate out the auxiliary fields 
/* and H'^ . A quick inspection of their equations of motion derived from eqs. (5. 27)^( 5. 30| ) 
shows that they are given by fermion bilinears. Hence, integrating them out only leads to 
additional four-fermi terms. Since we have not computed four-fermi terms in our reduc- 
tion from 11 dimensions they are, in fact, irrelevant for our comparison. All other terms, 
that is purely bosonic terms and terms bilinear in fermions, coincide with our reduction 
result ( 4.14 ), ( [4. 431) and ( 4.45 ). This shows that eq. ( ^.251) is indeed the correct superspace 
action. 

Both the lapse function N and the gravitino 'i/'o are non-dynamical and their equations 
of motion lead to constraints. For the lapse, this constraint implies the vanishing of the 
Hamiltonian associated with the Lagrangian ( 5.27| )-( ^.30| ) and it reads (after integrating 
out the (1,1) and 4- form auxiliary fields /* and H"^) 



^Gl]'^\t){f + 2iWo + 2iVVo)i^ + ^G}^'Q{t,z,z){X'^ + 2iA'^V'o + 2iA'>o))^ 



1 



(3) 



4 V 



+ AVG'^Y^ (i, z) (i'*!" - ^ok'^e" + ^oR'z^) + (fermi)* = . (5.31) 



i1 ib 



,0, i-b 



b ■a\ 



ab 
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The equation of motion for tpQ generates the superpartner of this Hamiltonian constraint 
and impHes the vanishing of the supercurrent. 



Let us now discuss some of the symmetries of the above one-dimensional action. The 
action ( ^.251 ) is manifestly invariant under super-worldline reparametrizations {r, 6, 6} — > 
{t' {t,6,9), 9'{t,6,6), 6'{t,9,9)}, which, in particular, includes worldline reparametriza- 
tions T t'{t) (that is, one-dimensional diffeomorphisms) and local N = 2 supersym- 
metry. Note that the super-determinant of the supervielbein which transforms as a 
super-density, is precisely what is needed to cancel off the super-jacobian from the change 
of dTcP9, so that dT(f9£ is an invariant measure. 

In particular, the theory is invariant under worldline reparametrizations, r — > r'(r) 
which can be seen as a remnant of the diffeomorphism invariance of the eleven dimensional 
action Here, the lapse function, A^, plays the same role as the "vielbein" and it trans- 

forms as a co-vector under worldline reparametrizations. The transformation properties of 
the different types of component fields under worldline reparametrizations are summarized 
in Table |2|. The bosonic matter fields t*, X'^ and z"" and the bosonic auxiliary fields /*, 



Name 


WR transformation r — > t'{t) 


scalar 
CO- vector 
spin- 1/2 
spin-3/2 


z" z'^'ir') = z'^(r) 
N ^ N'{r') = §7N{t) 



Table 2: Worldline reparametrization (WR) covariance. 

and H''^ transform as scalars, whereas the fermionic matter fields A^, T'^ and k"' 
transform as spin-1/2 fields. Finally, the gravitino ipo transforms as a spin-3/2 field. 

The 3-form scalars arise as zero-modes of the M-theory three-form A and, hence, 
they are axion-like scalars with associated shift transformations acting as 

X^{t)^X^\t)=X^{t) + cP , (5.32) 

where the are a set of complex constants. It is easy to see that the component ac- 
tion (5.27)-(5.30) only depends on X^ but not on X^ and that, hence, the action is 
invariant under the above shifts. Also in the 3-form sector, there is a local fermionic 
symmetry of the form 6A^ = P^q^I^ as discussed around eq. ( 5.12| ). 



6. Flux and the one-dimensional scalar potential 

We have seen that, unless one works with a Calabi-Yau five-fold X satisfying C4{X) = 0, 
flux and/or membranes are required in order to satisfy the anomaly condition (p.6|). At 
order /?, both flux and membranes are expected to contribute to a scalar potential in the 
one-dimensional effective theory. So far, we have worked at zeroth order in (3 but, in this 
section, we will calculate the leading order /? contributions to the scalar potential. Given 
the need for flux and/or membranes in many five- fold compactifications this potential is 
clearly of great physical significance. 
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6.1 Calculating the scalar potential from 11 dimensions 

There are three terms in the 11-dimensional theory which can contribute at order (3 
to a scalar potential in the one-dimensional effective theory: The non-topological i?^ 
terms ( p.l3 ) evaluated on the five- fold background, the kinetic terms G A *G for the four- 



form field strength if flux is non-zero and the volume term in the membrane action (2.14) 



provided wrapped membranes are present. We will now discuss these terms in turn starting 
with the one. 

Due to its complicated structure, the reduction of this term on a Calabi-Yau five- 
fold background is not straightforward. Also, this term depends on the unknown four- 
curvature of the five-fold and the only hope of arriving at an explicit result is that it 
becomes topological when evaluated on a five-fold background. A fairly tedious, although 
in principle straightforward calculation shows that this is indeed the case and that it can 
be expressed in terms of the fourth Chern class, C4(X), of the five-fold. Explicitly, we find 



that eq. (2.13) reduces to 



^ j dr N ^^c,i{X)t\ (6.1) 

where /3i = (27r)^/9/r;'^/^ and we have expanded the fourth Chern class as C4(X) = C4j(X)u;* 
into a basis of harmonic (4, 4)-forms a)* dual to the harmonic (1, l)-forms Wj. 

Next, we consider the contribution of a membrane wrapping a holomorphic curve 
C in X with second homology class W. Using the explicit parametrisation = , 

= X^'{a), XP- = XP-{a), where a = {a^+ia'^)/V2 for the curve C, the first term in the 
membrane action ( 2.14| ) reduces to 



J drNWif . (6.2) 

Here, we have expanded the membrane class as W = Wiiv^ into our basis of harmonic 
(4, 4)-forms. 

Finally, we need to consider four-form flux. In terms of the rescaled four-form g 
(see eq. ( p.4D ) the ansatz for flux can be written as 

g = ^n-^Ox = n'^Ue + (m^ro^ + c.c.) , (6.3) 

where {Oa'} with X,y,... = 1, . . . , b'^{X) is a basis of real harmonic 4-forms, {o"e} with 
e,/, ... = 1, . . . , /i^'^(X) is a basis of real harmonic (2,2)-forms, {zux} with ... = 
1, . . . , /i^'^(X) is a basis of harmonic (1, 3)-forms and we used the Hodge decomposition to 
split a real 4-form into (1, 3), (3, 1) and (2, 2) parts. The factor of 1/2 has been introduced 
for convenience in view of the flux quantisation condition ( |3.5| ), which demands that n"^ be 
an even (odd) integer depending on whether C2{X) is even (odd). An essential ingredient 
in the reduction is the 10-dimensional Hodge dual of g. From the results in eq. ( B.57| ) we 
see that this is given by 

*g = (j A ae - ^ A o-g + J^^eJ^j - {m^J A ro^, -h c.c.) . (6.4) 
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We recall from Appendix that is a harmonic (1, l)-form which is obtained from 
by a contraction with the inverse metric g^^ . Likewise, is a scalar on X, obtained from 



C7e by contraction with two inverse metrics. Following the discussion in Appendix B.4 these 
objects can be written as 



K 



(6.5) 



where kl is a set of (moduli-dependent) coefficients. Combining these results the four-form 
kinetic term ^i^- ^)G' A *G reduces to 



' 4 



dT- 



N 



rfnf ( defif + ^k}deijktH'' - -^kiKidejuitH'^t^ 



[m^mydxyif + c.c.) 



where we have used some of the intersection numbers introduced in Appendix |B^ 
We introduce a one-dimensional scalar potential U by 



5b 



,pot 



/ drNU 



(6.6) 



(6.7) 



This expression should be added to the bosonic action ( |4.14| ). Then, by combining the 
three contributions above, we find that 



11 1 

2 (5 A 5)(2,2)i - 2 ^ 3)ii,3)i + Wi- — C4i(X) ) f 



12 k2 



(6.8) 
(6.9) 



Let us pause to discuss this result. The first line is linear in the Kahler moduli f with 



coefficients which are almost identical to the components of the anomaly condition (3.6). In 
fact, only the sign of ((7A(7)(i,3), the contribution from the (1,3) part of the flux, is opposite 
to what it is in the anomaly condition ( p.6| ). The sign difference between the (2,2) and 
(1,3) flux parts in eq. (|6.8D can be traced back to a sign difference in the formulae (|B.57| ) 
for the Hodge duals which read *a = J Aa + . . . for (2, 2) forms and *w = — J Aw for (1, 3) 
forms. We have checked this sign difference carefully. We are, therefore, led to conclude 
that, after using the anomaly condition ( |3.6| ), the first part ( |6.8D of the scalar potential 
reduced to a linear term which depends only on (1,3) flux. As will become clear in the 
following such a term is not consistent with one-dimensional N = 2 supersymmetry. On 
the other hand, the second part ( |6.8| ) of the potential which only depends on (2, 2) flux 
can be written in a supersymmetric form, as we will see. Hence, (2, 2) flux is consistent 
with one-dimensional N = 2 supersymmetry while (1,3) flux breaks it explicitly. This 
conclusion is also supported by analysing the eleven-dimensional Killing spinor equations 
and the conditions for N = 2 supersymmetry in the presence of fluxes |34|. While there 



may not be anything wrong with this explicit breaking, we have set out to study M- 
theory compactifications which preserve one-dimensional N = 2 supersymmetry. We will, 
therefore, focus on (2, 2) flux and set the (1, 3) flux to zero in the subsequent discussion. 
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The decomposition in eq. (|6.3D of four-form flux into (1, 3), (3, 1) and (2, 2) pieces de- 
pends on the complex structure and therefore the condition for unbroken N = 2 supersym- 
metry, namely that the (1, 3) and (3, 1) parts of the four-form flux vanish, 5(1,3) = 5(3,i) = 0, 
a priori leads to a potential for the complex structure moduli. In other words, the complex 
structure moduli are only allowed to fluctuate in such a way as to keep the four-form flux 
purely of (2, 2) type. With the decomposition ( B.113| ) inserted into eq. (|6.3D, the condition 
9(1,3) = becomes 

m^(z,z) = = , (and c.c.) . (6.10) 

However, it is not known whether the S);t'^ and hence the resulting potential for the z'^ 
can be calculated explicitly. It is important to recall that in our analysis of bosonic and 
fermionic 4- form fields we are restricting to Calabi-Yau five- folds that satisfy eq. ( B.117| ) 



and, in this case, the potential vanishes, that is the complex structure moduli are restored 
as flat directions in the moduli space, because for such manifolds the split of a four-form 
into a (2, 2)-piece and a (1, 3) -|- (3, l)-piece is complex structure independent. This can also 
be seen by noting that in this case the condition ( |6.1[1| ) turns into the complex structure 
independent equation n'^ = 0, with the help of the decomposition ( B.120| ). Moreover, 



the (2,2) flux itself, 5(2,2) = h'^^'^^x ~ "i^^^e, becomes a complex structure independent 
quantity. 



This leaves us with the second part (3^) of the scalar potential and, in order to write 



this into a more explicit form, we need to compute the coefficients fc*. This has, in fact, 
been done in eq. ( B.92| ). Inserting these results and using eqs. (|R80D and ( p^ ) we finally 



find for the scalar potential 



dW 

iWj , Wi = 

where the "superpotential" W is given by 



U = ^G('''^^mWj , = ^ > (6-11) 



W(t) = ^dei.knHHH^ (6.12) 



and is the inverse of the physical (1, 1) moduli space metric (|4.1^ ). The fact that 



the scalar potential can be written in terms of a superpotential in the usual way suggests 
it can be obtained as the bosonic part of a superfield expression. This is indeed the case 
and the term we have to add to the superspace action ( 5.25| ) is simply 



'pot 



J dT(feSW{T) . (6.13) 



Indeed, combining this term with the (1,1) kinetic term in the superspace action ( 5.25| ) 
and working out the bosonic component action using eq. ( ^.27 ) one finds the terms 



2 J dT-[G\;^''rf-2fW,) , (6.14) 
which, after integrating out the (1, 1) auxiliary fields 

f = G^^'^^'^ Wi , (6.15) 



-33- 



reproduce the correct scalar potential. 

It is, perhaps, at first surprising that the formula ( 6.11| ) for the scalar potential 



in terms of the superpotential looks exactly like the one in global supersymmetry and 
does not seem to have the usual supergravity corrections such as the analogue of the fa- 
mous — 3|yVp term in four-dimensional J\f = 1 supergravity. However, we have to keep 
in mind that the physical moduli space metric C^j'^^ differs from the standard moduli 
space metric Q^j'^^ and it this difference which encodes the supergravity corrections to 
the scalar potential. Specifically, let us formally introduce a "Kahler covariant derivative" 
DiW = Wi + ^^lY^ W = Wi - tiW, where we recall that = -^Iuk and we have 



used eq. ( |B.78| ) in the second equality. Moreover, we note that, from eq. ( B.81 ), the inverse 

QO-^'^y^o can be written as 

= ^ (^g(i'i)^i - . (6.16) 



Combining these results and using k = 5! V we can also write the scalar potential (6.11) as 



15 ^2j^(i,i) / ^(i,i)iin.wn.w _ iw2 



U = ye^ ■ \Q^'''>'^DiWDjW - -W' j , (6.17) 

which resembles the expression for the four-dimensional N = 1 supergravity potential quite 
closely. 



Finally, we should point out that the superpotential ( |6.12 ) can be obtained from a 
Gukov-type formula 

>V(t) = \ f Gfl,, A J3 . (6.18) 

This integral is, in fact, the only topological integral, linear in flux, one can build using the 
two characteristic forms J and Vt of the five- fold and Gflux- In this sense, it is the natural 
expression for the superpotential. Here, we have explicitly verified by a reduction form 11 
dimensions that it gives the correct answer. 

When (2, 2) flux is non-vanishing, another set of bosonic terms arises from the Chern- 
Simons term A f\G f\G m. the 11-dimensional action ( p.2[ ). Writing the complete ansatz 
for the four-form field strength G, including flux and zero modes, one has 



G = + X'^dT ANr = ^nVe + X'^dT A ■ (6.19) 

T3 



Here, we recall that {Np}, where V,Q, . . . = 1, . . . , 6^(X), are a basis of real harmonic 
3-forms and X^ are the associated 3-form zero modes. Inserting this ansatz into the 
11-dimensional Chern-Simons term one finds 

Sb,cs = -\j dT^dvQerfX^X^ , (6.20) 



where d-pQe = j-^ N-p A Nq A Ue. Note that ( |6.20 ) is linear in flux and, hence, appears at 



order y^. It represents a one-dimensional Chern-Simons term. 
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6.2 A closer look at the bosonic action and the scalar potential 

We would now like to discuss some features of the bosonic effective action. To begin with, 
we summarise our result for the complete bosonic action up to and including order (5. The 
bosonic action depends on three sets of fields, the real (1, 1) moduli t*, the real 3-form 
moduli and the complex (1,4) moduli z"". It can be written as a sum of three parts 

Sb = 5'B,kin + 'S'B,pot + 5'b,cs (6-21) 
which, from eqs. ( 4.14 ), (|6?^), ( |6.11| ) and ( 6.20 ), are given by 



5B,kin = ^ j dTN-^i^^dlf'\t)iH^ + \G%{t,Z^^^^^ , 

(6.22) 

SB,^ot = -^-^jdTNU, (6.23) 
5b,cs = I dT^dvQen^X^xQ , (6.24) 
with the scalar potential U and superpotential W 

U = ^G(^'^)imiWj , W{t) = ^d,i,unHHH^ . (6.25) 

The (1, 1) metric G^-j'^'* has been defined in eq. ( [4.18| ), the 3-form metric G^g in eq. ( |4.21] ) 

and the (1,4) metric G'|^^'^'* in eq. ( [4.2C1| ). The first two parts of this action can be schemat- 
ically written as 

5B,kin + 5B,pot = ^ / ^^ {^"' Gu{^4>'¥ - y Z^(^)} , (6.26) 

where we have collectively denoted the various types fields of fields by ((/>^)=(t*, X^, z", z^) 
and Gij is a block-diagonal metric which contains the above moduli space metrics in the 
appropriate way. The associated equations of motion then have the general form 

+ ^^^^^ + 4^ ^ + ^ -0' (6.27) 

where Tj^ is the Christoffel connection associated to G/j and G^ is the contribution from 
the Chern-Simons term. Since the Chern-Simons term only depends on X^, we have 
G^ = C'' = G~^ = 0. 

Are there any static solutions, that is, solutions with all 0^ = const in the presence of 
a fiux potential? Since the potential li only depends on the (1,1) moduli, it is certainly 
consistent with the equations of motion ( |6.27| ) to set all other fields to constants. For 
vacua without (2, 2) fiux (but possibly with membranes) this can also be done for the (1, 1) 
moduli t*. In this case the scalar potential vanishes identically and the moduli space is 
completely degenerate. 
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In the presence of (2,2) flux the situation is more comphcated. First, one should 
look for vacua with constant scalars which preserve the M = 2 supersymmetry of the one- 
dimensional theory. Finding such vacua amounts to setting the supersymmetry variations 
of all fermions to zero and solving the resulting Killing spinor equations, as usual. For the 
various 2b multiplets the supersymmetry variations of their fermion components vanishes 
automatically for constant scalar fields and vanishing fermions, as can be seen directly 
from the results in Appendix p.2| . On the other hand, the supersymmetry variations of the 
fermions residing in 2a multiplets require a bit more care. For the 3-form fermions one 
has from eqs. dCJl) and ( lOT^) 



6,A 



V 



0, 



V 







(6.28) 



after inserting the constraint in eq. ( 5.1^ ) determining . For the (1, 1) fermions '0* the 
transformations lead to 



(6.29) 



again assuming vanishing fermions and constant scalars. Hence, constant scalar field vacua 
which preserve N = 2 supersymmetry are characterised by the "F-term" equations 



= 0. 



(6.30) 



Eq. ( |6.25| ) shows that solutions to these F-term equations are stationary points of the 
scalar potential, although, unlike in four-dimensional N = 1 supergravity, they need not be 
minima since the (1, 1) metric G^^'^^ is not positive definite. Another interesting difference 
to four-dimensional supergravity is that the scalar potential always vanishes for solutions 
of the F-term equations. 

Let us now consider explicit examples to see whether the F-term equations have inter- 
esting solutions for our examples. From the general form of W in eq. (6.25), it is clear that 
for a single (1, 1) modulus, that is, /i^'^(Ar) = 1, the only solution to the F-term equations is 
= 0. This corresponds to vanishing Calabi-Yau volume so we should certainly not trust 
our one-dimensional effective theory at this point. Moving on to Calabi-Yau manifolds 
with h}'^ = 2 we start with the second example in Table |6|, a co-dimension one CICY in 
the ambient space ^ = x with configuration matrix 



X 



(6.31) 



The discussion in Appendix |B.2| shows that the anomaly condition for this CICY can be 
satisfied for a range of fluxes and an appropriate number of membranes. Since /l2.2(X) =3, 
we have three flux parameters ni, n2, 713 and fiux can explicitly be written as 5 = ni + 
n2 Ji J2 -|- ^3 j|. Then, one finds for the Kahler potential and superpotential 



-mtl + 4(ni + n2)titl + -nstf + 4(n2 + n3)i?t2 ■ (6.32) 
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It is easy to see that setting, for example, ni = ns = 3 and 712 = —4 the F-term equations 
are satisfied along the flat direction ti = t2- Moreover, this flat direction consists of 
minima of the potential with zero cosmological constant. The existence of such minima 
is of considerable importance for our M-theory compactifications. A general problem of 
compactifications with flux is the tendency of producing large potential energies above the 
compactification scale due to the quantised nature of flux. Such high scales of potential 
energy are of course problematic as they invalidate the low-energy effective theory. We 
have just seen an example where this problem can be avoided due to a flat direction with 
vanishing vacuum energy in the two-dimensional Kahler moduli space. This means, at least 
to first order in our f3 expansion, self-consistent five-fold compactifications of M-theory with 
(2, 2) fiux exist. 

As the next example shows this is by no means automatic. Consider the first example 
m Table |, a co-dimension one CICY in the ambient space ^ = x with configuration 
matrix 



X 



1 


2 


5 


6 



(6.33) 



As in the previous example, the anomaly condition can be satisfied for a range of fiuxes 
and with the appropriate number of membranes (see the discussion around eq. ( p. 34 )). 



This manifold has h?''^{X) = 2 and the flux can be written as g = ni Ji J2 + n2J| with 
two fiux parameters ni and n2- The Kahler potential and superpotential for the model are 
given by 

..3„Mi + 2*i. M...„.Ml+(2,. + ?n.)ti. (6.34) 

In this case, the F-term equations imply that f2 = and the above expression for the 
Kahler potential shows that the Calabi-Yau volume vanishes for this value. Hence, there 
is no viable supersymmetric minimum in this case. 

We should now discuss the scalar potential in some of the cases where solutions to the 
F-term equations cannot be found. In general, we note that under a rescaling W the 
(1, 1) metric scales as Gf-'^\\t) = \^Gfj'^\t) and the superpotential as W{\t) = \^W{t). 
This means that the scalar potential scales as ti{\t) = XU{t), so is homogeneous with 
degree one. When discussing the implications of this scaling behaviour it has to be kept 
in mind that the metric C^-j'^^ has signature (—1, +1, . . . , +1) with the negative direction 
ti* given by ~ t*. Whether this negative direction is "probed" by the scalar potential 
depends on the structure of the superpotential and its derivatives. If it is, the potential 
will be of the form U = — cA, where c is a positive constant. This indicates an instability 
which leads to a rapid growth of the Calabi-Yau volume and decompactification. Clearly, 
this is always the case for examples with h^'^{X) = 1 where the metric is just a negative 
number. For h^'^(X) > 1 the picture is less clear and what happens depends on the choice 
of Calabi-Yau manifold and flux. 

Let us consider two explicit examples. At the end of section ^ we have discussed how to 
satisfy the anomaly condition for the septic, [6|7], by a combination of flux and membranes. 



-37- 



For this case we have 

K = 1V' , H; = ^y^t3, (6.35) 

where t is the single (1, 1) modulus. After a short computation, using eqs. (|1|) and (|63^ ) 
this leads to the scalar potential 

595 

U = -^Pit . (6.36) 

As expected, the potential is negative and results in a rapid growth of the volume. Our 
compactification can only be trusted for large Calabi-Yau volume, that is t 3> 1. In this 
case the scale of the scalar potential ( |6.36 ) is quite large and it is questionable if we can 



trust our low-energy theory. 

For an example with h^'^{X) = 2 we return to the manifold in eq. ( 6.33 ) with Kahler 



and superpotential as in eq. (|6.34D which did not exhibit F-flat directions. We find for the 
scalar potential 

^ = ((3-1 - 2-2)ti - 36n,t,t,) . (6.37) 

6(15ti + ^2) 

We recall that the Kahler cone of this CICY is given by ti > and t2 > 0. Now choose 
the fluxes to be ni = and n2 = 1/2. Then the above potential is strictly negative in the 
Kahler cone of X and such that both ti and t2 will grow. For ni = 1 and 712 = —1/2, 
on the other hand, the above potential is strictly positive in the Kahler cone. Gradients 
are such that t2 contracts and, as a result, the total volume goes to zero (while ti slowly 
expands). As for the septic, for large volume, ti ^ 1, t2 ^ 1, the scalar potential is large 
and it is not clear that the low-energy theory is valid. 

In summary, a first look at the one-dimensional effective theory at order P indicates a 
number of possibilities to obtain self-consistent compactifications with vanishing vacuum 
energy. First of all, for some Calabi-Yau five-folds the anomaly condition can be satisfied 
without the inclusion of flux, either if C4(X) = or if a non-zero C4(X) can be compensated 
for by membranes, and, in this case, the scalar potential vanishes identically. An interesting 
general feature of the scalar potential is that it vanished for supersymmetric vacua, that 
is, for solutions to the F-term equations. We have shown that such solutions to the F-term 
equations do indeed exist for some five-folds and that they correspond to flat directions of 
the potential. The general structure of the scalar potential means that the vacuum energy 
vanishes along those flat directions. If supersymmetric flat directions do not exist, the 
scalar potential, which is homogeneous of degree one in the Kahler moduli, is generally 
large for large volume and it is questionable whether one can trust the effective theory. 
Taken at face value, this scalar potential may either lead to a rapid expansion or a rapid 
contraction of the Calabi-Yau volume, depending on the case. Calabi-Yau five-folds with 
h^'^ = 1 such as the septic do not have F-flat directions and always contract. For /i^'^ > 1, 
supersymmetric flat directions may or may not exist. If they do not exist, one can have 
rapid expansion or contraction, depending on the choice of Calabi-Yau manifolds and flux. 

7. Conclusion and Outlook 

In this paper, we have considered compactifications of M-theory on Calabi-Yau five-fold 
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backgrounds, leading to one-dimensional effective theories with N = 2 supersymmetry. In 
the absence of flux and membranes, such five-fold backgrounds are solutions to M-theory at 

4/3 

zeroth order in the j3 ~ expansion of the theory but at first order in /3 one encounters 
a non-trivial consistency condition ( |3.6D . This condition ensures the absence of a gauge 
anomaly of the M-theory three- form ^ on a five- fold background. It requires a cancellation 
between the fourth Chern class, C4(X), of the Calabi-Yau five- fold X, the square, G AG, 
of the flux G and the charge, W, of a membrane wrapping a holomorphic curve in X. 

We have studied explicit examples of Calabi-Yau five-folds to check whether and how 
this condition can be satisfied. The simplest possibility is to use a five-fold satisfying 
C4(X) = 0, without any membranes or flux. We have constructed an explicit example of 
such a five-fold with vanishing fourth Chern class, based on a quotient of a 10-torus by a 
freely-acting Z2 symmetry. Although such a torus quotient has merely Z2 rather than SU(5) 
holonomy, it still breaks supersymmetry by a factor of 16 and, hence, all our subsequent 
results apply to this example. As another class of examples, we have studied complete 
intersection Calabi-Yau five-folds (CICY five-folds) which are defined as the common zero 
locus of homogeneous polynomials in a projective space or a product of projective spaces. 
The simplest example of such a CICY five- fold is the septic in P^, the analogue of the 
famous quintic Calabi-Yau three- fold in P^. We have shown for a wide range of CICY 
five-folds that C4(X) 7^ and it is conceivable that this holds for all CICY five-folds. It 
remains an open question as to whether Calabi-Yau five-folds with full SU(5) holonomy 
and C4^{X) = exist, for example among toric five-folds. 

For CICY five-folds we have shown that the anomaly condition can frequently be 
solved by a cancellation between C4{X) ^ and appropriate fiux and/or membranes. In 
particular, this can be achieved for the septic in P® when both fiux and membranes are 
included. Given the large number of topologically different Calabi-Yau five-folds and the 
fact that many of the simplest examples can already be made to work we can expect a large 
and rich class of consistent M-theory five-fold compactifications. It is for such anomaly- 
free compactifications that we have set out to compute the associated one-dimensional 
J\f = 2 effective theory. To this end, we have developed the general properties of Calabi- 
Yau five-folds with regards to their topology, differential geometry and moduli spaces. In 
particular, there are six a priori independent Hodge numbers, h}'^{X), /i^'^(X), h}'^{X), 
h?''^{X), h^'^{X) and /i^'^(X). However, the Calabi-Yau condition ci{X) = together with 
the index theorem leads to one linear relation between those six Hodge numbers, so that 
only five of them are effectively independent. 

M-theory zero modes on five-folds can be classified according to the sector of harmonic 
(p, q) forms they are related to. For the bosonic zero modes, we have metric Kahler moduli, 
related to the (1, 1) sector and the metric complex structure moduli, related to the (1,4) 
sector. Further bosonic zero modes in the (2, 1) sector arise from the three-form A. All 
these bosonic zero modes have associated fermionic partners which originate from the same 
(p, g) sector of the five-fold. In addition, we also find (1,3) fermionic zero modes that do 
not have any bosonic partners, a feature which seems at first puzzling from the viewpoint 
of supersymmetry. 

After identifying these zero modes, we have reduced both the bosonic and fermion 
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bilinear terms in 11 dimensions to obtain the one-dimensional effective action, initially at 
zeroth order in the (5 expansion. In order to understand the supersymmetry of this effective 
action, we have systematically developed one-dimensional global and local M = 2 super- 
space, extending previously known results. Based on these results, it turned out that the 
(1,4) zero modes reside in 2h multiplets while the (1,1) multiplets reside in 2a multiplets. 
The complex (2, 1) zero modes are best described collectively as real 3-form fields forming 
2a multiplets and subject to a constraint halving the number of fermions. This was neces- 
sary in order to keep under control the otherwise intricate intertwining with the complex 
structure moduli. It was found that the fermionic (1,3) zero modes are compatible with 
supersymmetry. However, the complex structure moduli also intertwine with those modes. 
For this sector, we restricted our analysis to five-folds whose (2, 2)-forms are generated by 
the product of two (1, l)-forms. The fermionic (1,3) and (3, 1) modes together, or 4-form 
modes for short, could then be described by constrained fermionic 26 multiplets. For all 
those multiplets, we have then written down a non-linear supersymmetric sigma model 
in superspace and we have verified that the component version of this sigma model pre- 
cisely reproduces our reduction result from 11 dimensions. Interesting properties of this 
sigma model arc the "non-standard" form of the (1,1) sigma model metric which differs 
from the standard Calabi-Yau moduli space metric and the mixing between 2a and 2h 
multiplets. We also stress that locM onc-dimcnsional J\f = 2 supersymmetry is required in 
order to properly describe the constraints which are the remnants of (super) gravity in one 
dimension. 

In a next step we have extended our results to order /3 effects and we have computed 
the one-dimensional scalar potential which arises at this order. After imposing the anomaly 
condition, it turns out that this potential has two parts, depending on (1, 3) and (2, 2) flux, 
respectively. We have not been able to find a supersymmetric description of the (1,3) 
part of this scalar potential and we conclude that (1,3) flux is not compatible with one- 
dimensional M = 2 supersymmetry. Since this is a complex structure dependent statement, 
keeping full J\f = 2 supersymmetry in the presence of non-zero four-form flux induces 
restrictions on the complex structure moduli. The explicit form of these restrictions and 
how they can be implemented, for example in terms of a potential, is not known. In order to 
nonetheless make concrete statements about flux, we therefore focussed on Calabi-Yau five- 
folds for which (1, 3) flux can be set to zero without imposing restrictions on the complex 
structure moduli. In particular, we restricted to Calabi-Yau five-folds whose (2, 2)-forms 
are completely generated by wedging together two (1, l)-forms. All the explicit examples 
of Calabi-Yau five-folds presented in this paper are of this type. In this case, the (2, 2) 
flux potential is complex structure independent and allows for a fully supersymmetric 
description. It is associated to the auxiliary fields in the (1, 1) 2a multiplets and is given in 
terms of a super potential which only depends on (1, 1) moduli and is cubic in those fields. 
We find that this superpotential can also be directly obtained from a Gukov-type formula. 

A first look at the properties of the effective theory suggests different possibilities for 
self-consistent compactifications with small, or rather vanishing vacuum energy. For com- 
pactifications without flux (but possibly with membranes) the potential vanishes identically. 
In the presence of (2, 2) flux and depending on the case, there may be supersymmetric flat 



-40- 



directions with vanishing vacuum energy. The property of zero vacuum energy for super- 
symmetric solutions is facihtated by the form of the scalar potential which vanishes for 
vanishing F-terms. Models with flux but without fiat directions have a rather large scalar 
potential and it is not clear if the effective theory can be trusted. Naively, such scalar 
potentials can lead to a rapid expansion or contraction of the Calabi-Yau volume, depend- 
ing on the Calabi-Yau manifold and the choice of fluxes. We have constructed explicit 
examples for all these cases. 

Our results open up a whole range of applications, particularly in the context of moduli 
space "cosmology" . For example, the question as to whether the system can evolve towards 
a state with three large and seven small spatial dimensions can be studied as a dynamical 
problem in the five-fold moduli space. The effect of a scalar potential, from flux or other, 
non-perturbative sources not discussed in the present paper, is of course crucial in such a 
discussion. Another interesting aspect of such a cosmological analysis might be the study of 
various types of topological phase transitions for Calabi-Yau five-folds. These and related 
issues are centred around the question of how a one-dimensional theory can evolve to 
effectively become four-dimensional and thereby become a viable description of the "late" 
universe. Such a question might even be studied in a "mini-superspace" quantised version 
of our one-dimensional theory. 

There are also a number of more theoretical issues in relation to our results. It would 
be interesting to find the "uplift" of certain solutions to our one-dimensional theory by 
studying supersymmetric solutions to the 11-dimensional theory based on Calabi-Yau five- 
folds. In particular, our results for the flux scalar potential indicate that such solutions 
should not exist in the presence of (1, 3) flux. Another interesting aspect concerns the pos- 
sibility of mirror symmetry for Calabi-Yau five-folds. One might speculate that M-theory 
on five- folds is mirror symmetric to F-theory on five- folds (times a circle). Both compact- 
ifications lead to one-dimensional M = 2 supersymmetric theories in one dimension and a 
first test for mirror symmetry would be provided by a comparison of the one-dimensional 
theories derived in the present paper with the ones obtained from an F-theory reduction 
on five-folds. Several of these problems are currently under investigation. 
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O U 1 1 LUxJLo 


range 


777 PnTTJT) n 


A,B,C,... 


0,6, e 




one-dimensional N = 2 superspace indices 


M,N,P,... 


0,..., 


10 


D = 11 space-time indices 


m,n,p, . . . 


1,..., 


10 


D = 10 Euclidean indices 


fl,V,... 


1,..., 


5 


D = 10 Euclidean holomorphic indices 


fl,iy,... 


1,..., 


5 


D = 10 Euclidean anti-holomorphic indices 



Table 3: Curved space-time indices and superspace indices. Tangent space indices are denoted by 
the same letters but are underlined. 



symbols 


range 


meaning 


■ ■ ■ 


l,...,h''' 


(1, l)-moduli 


p,q,... 


l,...,/^2d 


(2, l)-moduli 


x,y,... 


l,...,h''' 


(1, 3)-moduli 


e,/, • • • 


l,...,h''^ 


(2,2)-flux 


a,h,... 


1,...,/.M 


(1, 4)-moduli 


V,Q,... 


l,...,b^ 


3-form moduli 




l,...,b^ 


4-form moduli 




l,...,2h^'^ 


4-form moduli (4 = (1, 3) + (3, 1)) 


A,B,... 


l,...,b^ 


5-form periods 



Table 4: Indices for Calabi-Yau five-fold cohomology. 



Appendix 

A. Index conventions and spinors 

In this section, we summarise notations and conventions used throughout the paper. Indices 
for space-time or superspace in the various relevant dimensions are listed in Table ^. Indices 
in this table are curved indices and we refer to their corresponding tangent space indices 
by underlining the same set of letters. Multiple indices are always symmetrized or anti- 
symmetrized with weight one. In addition, we need a range of index types for the various 
cohomology groups of Calabi-Yau five-folds. They are listed in Table ^. For the index 
types p,q, . . ., x,y, . . . and a,b, . . ., the barred versions are also present and are used to 
label the complex conjugate of the respective moduli fields. 

We now turn to our spinor conventions and start in 11 dimensions. We denote the 
11-dimensional coordinates by x^^ and choose the 11-dimensional Minkowski metric rjMN 
to have mostly plus signature, so r jMN = diag(— 1, -|-1, . . . , -|-1). The eleven dimensional 
gamma matrices F— satisfy the Clifford algebra 

{r^,F^} = 2ry^l32x32. (A.l) 

Dirac spinors 'J' in 11 dimensions have 32 complex components and are anti-commuting 
objects. We are working in the Majorana representation in which the charge conjugation 
matrix is equal to 1 so that Majorana spinors ^ are real, that is ^* = ^. The gamma 
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matrices in this representation are also real, (F— )* = F— , and all spatial gamma matri- 
ces are symmetric, (F— )^ = F— , whereas the timelike gamma matrix is anti-symmetric, 
(F-)^ = — F-. These properties combine into the following formulae: 

(rM)t = r^r^F^ and (T^f = r^r^r^. (A.2) 

Curved gamma matrices F^ are constructed by contracting with an inverse vielbein F^ = 

pM-pN 
ejyi— . 

In 10 Euclidean dimensions with coordinates x"^ we introduce complex coordinates by 

z^' = ^{x^' + i x^'+^) , zf' = ^{xf'-i . (A.3) 

Tensors transform from real to complex coordinates accordingly. 

The 10-dimensional gamma matrices 7— satisfying the Clifford algebra 

{7^,7n = 2<5^l32x32. (A.4) 

In accordance with our 11-dimensional conventions they are chosen to be real matrices and 
are, hence, also symmetric. The ten dimensional chirality operator 7^^^) is given by 

7(^^)=i7----7-, (A.5) 

and it satisfies the relations (7^^^))^ = 132x32, (7^^^^)* = -J^^^K h^^^^f = -7^^^^ and 
1^(11) = 0. Tcn-dimcnsional Dirac spinors rj are 32-dimensional complex, as in 11 
dimensions, and are taken to be commuting. Positive (negative) chirality spinors 77 are then 
defined by 7(^^)7] = rj (7(^^)7/ = — ??). Written in complex coordinates the anti-commutation 
relations for the gamma matrices read 

{7^, 7^} = 2 <5^^l32x32, {7^, 7-} = {7^, 7^} = . (A.6) 

As usual, the gamma matrices in complex coordinates can be interpreted as creation and 
annihilation operators. If one defines a "ground state" rj by 

jf^T] = (A.7) 

then T] has positive and ij* negative chirality. The other spinor states are obtained by acting 
with up to five creation operators 7^ on r]. 

Finally, in one dimension, there is only one gamma matrix, a 1 x 1 matrix, which 
we take to be —i. One-dimensional Dirac spinors ip are complex one-component anti- 
commuting objects and we often denote their complex conjugate by -0 := ("0)*- Spinorial 
differentiation and Berezin integration are the same operations and satisfy the relations 

de9 = l, de9 = 0, d§9 = 0, dge = l, 
a| = 0, dl = 0, {de,d0} = O, 

where dg := d/d9 and dg := d/dO = —{dg)*. Complex conjugation of a product of two 
anti-commuting objects is defined to be (V'iV'2)* = V'2V'i- Note the change of order on the 
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right hand side. The rules for Berezin integration can be read off by replacing dg ^ J d9 
and dfj ^ J dO. We also abbreviate d^6 = dOdO so that 

d^9ee = -l. (A.9) 



The relation between 11-, 10- and one-dimensional gamma matrices is summarised by 
the decomposition 

rfi = (-i) 07(11), ri^=iixi®7-, (A.io) 

where the tensor product between a complex number and a 32 x 32 matrix has been 
introduced solely to make contact with similar formula for compactifications to more than 



one dimension. As can be checked quickly, the matrices ( A.IO ) indeed satisfy the 11- 
dimensional anti-commutation relations ( |A.1| ) and ( |A.2| ), provided the 7— satisfy the 10- 
dimensional anti-commutation relations ( [A.4| ). Dirac spinors ^ in 11-dimensions can be 
written as (linear combinations of) tensor products of the form ip f^^ ij, where ip and rj are 
one- and 10-dimensional spinors, respectively. An 11-dimensional Majorana spinor ^ can 
be decomposed as 

^=^®r] + '4)®rf. (A. 11) 



B. Calabi-Yau five-folds 



In this appendix, we develop the necessary tools to deal with Calabi-Yau five-folds and 
present some examples relevant to our discussion in the main text. Of course, much of the 
formalism will be analogous to Calabi-Yau three-folds and four-folds and we will borrow 
heavily from the literature, particularly from Refs. |16, 35, 3f:]. 



B.l Basic topological properties 

For the purpose of this paper, we define a Calabi-Yau five-fold to be a five complex- 
dimensional compact Kahler manifold X with vanishing first Chern class, ci{X) = 0, and 
holonomy Hol(X) C SU(5) sufficiently large to allow only one out of 16 supersymmetries. 
By the last condition we mean that in the decomposition 

16spin{10) ^ [10 + 5 + 1] 

SU{5) 

(B.l) 

of the 16 spinor representation under SU(5) only the SU(5) singlet is invariant under 
Hol(X). Hence, for positive chirality, we have precisely one covariantly constant spinor 
■q. In particular, this means that 10-dimensional tori, direct products such as between 
three-folds and four tori and similar spaces are excluded from our considerations. The 
correspondence between covariantly constant spinors and harmonic (0,p) forms then implies 
that the Hodge numbers of X are constrained by hP'P{X) = W'^^X) = for p = 1,2,3,4 
and /lO'O(X) = hP'^{X) = h^^^{X) = h^^^{X) = 1. Consequently, the Hodge diamond of a 
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Calabi-Yau five-fold has the following general form 
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1 

with six, a priori independent Hodge numbers. For the Betti numbers b'^iX) this implies 
b^{X) = 1 b\X) = 

= 2h^''^{X) + /i2.2(x) 65(X) = 2 + 2h^'^{X) + 2/i2.3(x) 

and b'^{X) = b^^^'^{X) for i > 5. The Euler number r]{X) of X can, therefore, be written 
as 

10 

ri{X) = = 2h^'\X)-4h^'^{X) + Ah^'^{X) + 2h^'^{X)-2h^'^{X)-2h^'^{X) . 

2 = 

(B.4) 

For Calabi-Yau four-folds it is known [15| that one additional relation between the Hodge 
numbers can be derived by an index theorem calculation using the Calabi-Yau condition 
ci{X) = 0. As we will now see, a similar procedure can be carried out for Calabi-Yau 
five-folds. First recall the general form of the index theorem 



dim{X) 

X{X,V)^ V {-lfdimW{X,V)= / ch(y) A Td(rX) , (B.5) 

1^0 



for a vector bundle V on X. We would now like to apply this theorem to the specific 
bundles V = A'^T*X, where q = 0,1,2,3. The cohomology groups of these bundles can 
be written as H^{X,V) = W{X, A'^T*X) ~ and they are, hence, directly related 

to the Hodge numbers of X. For the subsequent calculation, it is convenient to use the 
splitting principle and write the Chern class and character of the tangent bundle as 

c{TX) = l + ciiTX) + C2{TX) + --- = '[[{l + Xi) , ch(rX) = ^e^V (B.6) 

i i 

Then we have 

chfAT^X) A TdiTX) = y e-^H . . . e"^''^ TT . (B.7) 
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Expanding this expression and re-writing it in terms of Chern classes using eq. ( [B.6D we 
find from the index theorem ( |B.5| ) 



/ [-C2cf + C1C3 - C1C4 + 3cic; 

t40 



1440 

Xi = /i0'l-/il'l + /i2.1-/,3,l+;,4,l_;^5,l 

= 7^ / [~'^i'^2 + C1C3 - 2IC1C4 + 3cic| - 2OC5] 

= ^ j [-c?C2 + C1C3 - 3IC1C4 + 3cic| + 33OC5] 

= j [-c?C2 + cfcs - 3IC1C4 + 3cic| + 33OC5] 

where we have used the short-hand notation Xq = x(^i A'^T*X) and Cj = Ci{TX). Inserting 
the non-trivial information about Hodge numbers from the Hodge diamond ( [B.2D together 
with ci{X) = the above equation for xo is trivially satisfied while the one for xs is 
equivalent to the one for X2- The remaining two relations for xi ^-nd X2 turn into 

1 



X, = -h'^^ + h^^' - /.2.3 + ,,1,3 = ii /■ C5 

^4 



(B. 



Subtracting these two equations from one another and comparing with eq. ( B.9 ) results in 
the standard formula 



V{X) = [ C5(X) (B.c 
Jx 



for the Euler number r]{X) of the five-fold X. Eliminating C5, on the other hand, leads to 
the relation 

llh^'^{X) - 10h^'^{X) - h^'^{X) + /i2'3(x) + Wh^'^{X) - llh^'^{X) = (B.IO) 

which only depends on Hodge numbers. Hence, five-folds are characterised by five rather 
than six independent Hodge numbers. 

Other relevant topological invariants of Calabi-Yau five-folds, apart from the Hodge 
numbers and the Euler number, are the Chern classes C2{X), C3{X) and C4{X), the inter- 
section numbers di^^^^i^ of five eight-cycles and various other intersection numbers which we 
will introduce later. 

As we have seen in the main part of the paper, compactification of M-theory requires 
a Calabi-Yau five- fold X, a fourth cohomology class g G H^{X) and an effective second 
cohomology class W G H2 {X, Z) satisfying the integrability and quantisation conditions 

C4(X)-12(7A5 = 24W^, g + ]^C2{X)GH\X,'L) . (B.ll) 
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Physically, g corresponds to a four-form flux and W is the homology class of a holomorphic 
curve in X which is wrapped by membranes. Clearly, there are a number of qualitatively 
different ways one might try to solve these conditions. Probably the simplest possibility is 
to find a Calabi-Yau five-fold X with C4(X) = 0. In this case, one can set the flux g and 
the membrane class W to zero. For Calabi-Yau five- folds with C4^{X) ^ one can ask if the 
conditions can be satisfied with either flux or membranes individually or by a combination 
of both. We should now discuss if and how these possibilities can be realised and to do so 
we need to turn to specific examples of Calabi-Yau five-folds. 

B.2 Examples of Calabi-Yau five- folds 

B.2.1 Complete intersection Calabi-Yau five- folds 

Perhaps the simplest class of Calabi-Yau manifolds is obtained from complete intersections 
in a projective space or a product of projective spaces (see, for example, Ref. [^] for a 
review). In the case of Calabi-Yau three-folds, the best known example of such complete 
intersection Calabi-Yau manifolds (CICY) is the quintic in P"^, defined as the zero locus of a 
homogeneous degree five polynomial in P^. For the case of Calabi-Yau five-folds, the direct 
analogue of the quintic in P^ is the septic in P^, that is the zero locus of a homogeneous 
degree seven polynomial in P^. 

In order to define CICY five-folds more generally, we first introduce an ambient space 
A = (^^^P"'', as a product of m projective spaces with dimension rir- Each of these 
projective spaces comes equipped with a Kahler form which we normalise such that 



jrir 



1 . 



(B.12) 



We are interested in the common zero locus of polynomials pa, where a = 1, . . . ,K, which 
are homogenous of degree in the coordinates of the factor P""" in A. In order for this 
zero locus to be five-dimensional we need, of course, 



K 



E 



5 . 



(B.13) 



It is useful to summarise the dimensions of the various projective spaces together with the 
(multi-) degrees of the polynomials in a configuration matrix 



ni 


ll ■ 


■ iy 




q? ■ 





(B.14) 



We note that every column in the q part of this matrix corresponds to the multi-degree 
of one of the defining polynomials. As an example, using this short-hand notation, the 
septic in P^ can be written as [6|7]. The total Chern class of such a CICY is given be the 



well-known formula [35| 



c([n|q]) 



[l + Jr 



nLi(i+Er=i« 



(B.15) 
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and the various individual Chern classes Cg([n|q]) can be obtained by expanding the above 
expression and extracting terms of order q in the Kahler forms Jr ■ For the first Chern class 
this leads to 



K 



ci 



(B.16) 



r=l 



Hence, the Calabi-Yau condition ci {X) = translates into the simple numerical constraints 

K 



a=l 



fa = nr + 1, Vr = 1, . . . , m 



(B.17) 



on the multi-degrees of the defining polynomials. This means the rows in the q part of the 
configuration matrix always have to sum up to the dimension of the associated projective 
space plus 1 in order for the complete intersection to be a Calabi-Yau space. In our 
application to M-theory compactifications, higher Chern classes and C4,{X) in particular, 
play a crucial role. By expanding eq. ( B.15| ) we find for CICYs 



^ m 

C2([n|q]) = cl'JrJs = 2 X] 

C^{[lvH)=ctJrJsJt = \ 



K 



r,s,t=l 



C4([n|q]) = cl^^'^JrJsJtJu = -. 



K 
a=l 



JyJgJl , 



a=l 



C5([n|q]) = C5''"'''Jri • • • J, 



K 



2 



a=l 



J v\ ' ' ' ^ r 



(B.18) 
(B.19) 

(B.20) 
(B.21) 



where ci([n|q]) = has been used to simplify the expressions. The fourth Chern class 
should be written in terms of a set of harmonic eight-forms { J^} as Ci{X) = c^^J'^. If we 
choose these forms to be dual to the Kahler forms J^, that is. 



/ Jr 

Jx 



(B.22) 



it is easy to see that C4r can be obtained from the coefficients which appear in the for- 
mula ( |B:20| ) by 

= dystuvC/^ , di^^^^i^ = j Ji^ A • • • A Jjg . (B.23) 

Jx 

The intersection numbers di^^^^i^ can be explicitly computed from the identity 



(B.24) 
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which converts integration of a 10-form w over X into an integration over the ambient 
space. In carrying out the latter the normalisation ( B.12| ) must be taken into account. The 



calculation of Hodge numbers is straightforward for CICYs with > for all r and a. 
In this case, repeated application of the Lefshetz hyperplane theorem (see, for example, 
Ref. m) shows that 

HP'i{X) ~ HP''^{A) for p + q^5 . (B.25) 

Hence, all cohomology groups except the middle ones are isomorphic to the ambient space 
cohomology groups for such CICYs. The only non- vanishing Hodge numbers of P" are 
hP,p(jpn-^ = 1 and, by applying the Kiinneth formula H'^{Y <S) Z) = ®i+j=riH'(Y) ® 
H^{Z), one can easily compute the Hodge numbers of the ambient space A from this 
result. Combining these facts, one finds for CICYs with all > that 

h^^\X)=h^'^{A) = m (B.26) 
h^''^{X) = (B.27) 
h^''\X) = (B.28) 

h^'\X) = h^'^{A) = + #{r|n, > 2} . (B.29) 

The first of these equations means that the restrictions of the ambient space Kahler forms 
Jr to X form a basis of the second cohomology. The last equation implies that the four- 
forms Jr A Jg span H^''^(X). Let us define the six-cycles Crs = [nlqe^ e^] C X, where e,. is 
a vector with one in the r*^ entry and zero elsewhere. The measure firs for these six-cycles 
is given by firs = fiAJr AJg where is the measure of the CICY as in eq. ( pl^ ). It follows 



that w = J^w A firs = fx ^ Jr ^ Js for all six-forms w. Hence, the forms Jr A Jg 
are Poincare dual to the six-cycles Crs and are, therefore, integral. Two remaining Hodge 
numbers need to be determined, namely h^'^{X) and /i^'^(X). This can be accomplished 



by calculating the Euler number from eqs. ( [B.9| ), ( [B.21 ) and then using the two constraints 
(1511) and (IB.IOI) . 



For CICYs where some q"^ vanish a more refined version of the above reasoning can 



sometimes be applied |35|. In more complicated cases, the Hodge numbers must be calcu- 
lated using spectral sequence methods |37|. For CICY three-folds it is known that h^'^(X) 



can be larger than m in such cases so that not all (1, 1) classes descend from the ambient 
space. A similar phenomenon can be expected for CICY five-folds. In general, one can 
also expect /i^'^(X) and h^'^{X) to acquire non-zero values. The detailed analysis of these 
issues is somewhat outside our main line of investigation and will not be pursued here. 

Another useful feature of CICYs whose second cohomology is spanned by the ambient 
space Kahler forms Jr is that the Mori cone, the cone of effective cohomology classes in 
H2{X,'E) ~ H^{X,Z), is given by positive integer linear combinations rirJ^ of the eight- 
forms J^ dual to Jr. 

It is useful to have some explicit examples of CICYs available. The simplest sub- 
class consists of CICY five-folds which can be defined in a single projective space. In this 
case, a linear polynomial constraint simply amounts to a reduction of the ambient space 
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Table 5: The 11 CICY five-folds which can be defined in a single projective space. The Hodge 
numbers h^-^{X) = h^-^{X) = and h^'^{X) = h^'^{X) = 1 for all manifolds. 
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Table 6: Examples of CICY five-folds defined in a product of projective spaces. The Hodge 
numbers /i^'^(X) = h^'^{X) = for all manifolds. 



dimension by one. In other words, a configuration matrix of the form [n\qi . . . qx-i 1] 
in P" is equivalent to a configuration matrix [n — l\qi . . . qk-i] in P""^. Hence, we can 
require that all > 1 without restricting generality. It is then a simple combinatorial 
exercise to write down all configurations in a single projective space, subject, of course, to 
the dimension constraint ( p.l3| ) and the Calabi-Yau condition ( 6.17] ). One finds 11 cases 
which are listed in Table |5|. For comparison, in the case of Calabi-Yau three-folds there 



exist five CICYs which can be defined in a single projective space [35|. In fact, CICY three- 



folds in arbitrary products of projective spaces have been classified [29| and about 8000 
manifolds have been found. No similar classification is available for CICY five-folds but it 
is reasonable to assume that their number is significantly larger than 8000. Here, we will 
be content with the three examples of CICY five-folds defined in a product of projective 
spaces given in Table ^. 
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We should now discuss the various possibihties to satisfy the M-theory condi- 
tions ( [B.ll| ) for compactifications on CICY five- folds. We will not attempt to address 
this question in a systematic way but merely analyse a number of examples. Our main 
goal is to show that CICY five-folds for consistent M-theory compactifications exist and to 
give a flavour of how restrictive the conditions are. As discussed earlier, the simplest option 
is to compactify on a manifold with C4^{X) = 0, without fiux and membranes. Do CICY 
five-folds with C4{X) = exist? From eq. ( |B.23 ) we see that the intersection numbers 
are positive, that is, di^,,,i^ > 0. Further, it is clear from eq. ( B.20 ) that all components 
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500" 
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> 0. This means the fourth Chern class of CICY five-folds is positive in the sense 
that C4r. > for all r. If the configuration matrix is such that > 2 for all r and a, the 
coefficients are strictly positive. From the first eq. ( B.23| ) this shows that C4(X) 7^ 
for all such CICY five- folds. In particular, it follows that all CICY five- folds defined in a 
single projective space (m = 1) and all co-dimension one five-folds {K = 1) have C4(X) 7^ 0. 
(The former fact is, of course, confirmed by Table |^.) So, we are left with CICY five- folds 
satisfying m > 1, > 1 and q^^ <2 for at least one component. We have scanned all such 
configurations for m < 4 and K < A and the only examples with Ci{X) = we have found 
are spaces such as 



(B.30) 



which correspond to the direct product of a Calabi-Yau three-fold Y (the quintic in the 
above example) with two tori T^. Clearly, c^^iY ) = but such a space only 

has holonomy SU(3). It breaks a quarter of the supersymmetry and is, therefore, not a 
Calabi-Yau five-fold in the sense defined at the beginning of this appendix. In summary, 
for m < 4 and X < 4 we have not found any proper CICY five-folds with holonomy SU(5) 
which satisfy C4(X) = 0. We cannot exclude that larger configurations with this property 
exist although we have not been able to find any explicit examples. 

Given the lack of CICY five-folds with c^^X) = 0, we can ask if the conditions ( [B.ll| ) 
can be satisfied by including flux and membranes. To analyse this question let us start 
with the five- folds in a single projective space which are listed in Table ^. We write the 
fourth Chern class as c^^X) = CJ"^, where the numbers C can be read off from Table ^ 
and the fiux as g = kJ^ for some number k. In the absence of membranes (W = 0) the 



anomaly condition (B.ll) is then solved for fiux values 



k 



(B.31) 



For the 11 cases in Table ^, it can be checked that the resulting values of k are never 
rational. This means, it is impossible to satisfy the fiux quantisation condition ( |B.ll ) for 
such values of k. We conclude that, in the absence of membranes the 11 CICY five- folds 
in a single projective space cannot be used for consistent M-theory compactifications. 

Does the inclusion of membranes help? We begin with the septic, [6|7], whose prop- 
erties are listed in the first row of Table |5[ For the right-hand sides of the anomaly and 
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quantisation conditions ( B.ll ) we find in this case 



C4(X) - 12g^ = (819 - 12k^)r , 5 - -C2(X) = + — J 



21 



(B.32) 



Setting the flux to A; = 15/2, the anomaly condition can then be satisfied for a membrane 
wrapping a holomorphic curve with class W = 6J^. Recalling that is an integral class, 
the flux quantisation condition is also satisfied for this value of k. Hence, by including flux 
and membranes the M-theory conditions can be satisfied for the septic. 

While the M-theory conditions for CICY five- folds in a single projective space cannot 
be satisfied with flux only, can they be satisfied for membranes only? Let us look at the 
example [7|6 2] which corresponds to the second row in Table |. From eq. ( |B.24|) we know 
that the measure for this manifold is given by /X = 12 J2. This means 



JAJ^ 



12 



(B.33) 



X 



Comparing this with the deflnition J A J = 1 of the dual eight-form J we learn that 
J = J^/12 and that this is an integral class. Given that C4(X) = 454J^, the anomaly 
condition can then be satisfied by setting the fiux to zero and by including a membrane 
which wraps a holomorphic curve with class W = 227 J. 



In order to find viable examples with flux only we need to consider CICYs defined in 
products of projective spaces. Let us start with the first example in Table |6|, a co-dimension 
one CICY five-folds with configuration matrix 



X 
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2 


5 


6 



(B.34) 



defined in the ambient space ^ = P"*^ P^. Writing the fiux as g = ki^2JiJ2 + ^2,2 •^l '^^^ 
finds for the right-hand-sides of the anomaly and quantisation condition ( B.ll| ) 



C4(X) - 12g^ 



72 ^2,2. 



(2610 

(A:i,2 + 6)JiJ2+ ( A;2,2 + 



+ (4542 - 144A:i,2A;2,2 - 24kl2)J^ 
15" 
~2 



•^2 



(B.35) 
(B.36) 



For the anomaly to vanish without membranes we need a non-rational fiux parameter 
^2,2 = ±Vl45/2 and, hence, the quantisation condition cannot be satisfied. On the other 
hand, for any integer ki 2 and any half-integer k2 2 the coefficients on the right-hand-side 



of eq. ( B.35 ) are divisible by 24 and, for sufficiently small flux integers, positive. Hence, 
the anomaly condition can be satisfled by inclusion of a membrane. 

Next, we consider the second example in Table |^, the co-dimension one CICY five- folds 
in ^ = 55 with configuration matrix 



X 



3 
3 



(B.37) 
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With the flux parameterised as g 
sides of the anomaly and quantisation condition (B.ll) 



^i,!-^! + ^i,2'^i'^2 + ^2,2'^2 finds for the right-hand- 



C4{X) - I2g'^ = (3600 - 48/c?2 - 96/ci,i/c2,2 



9 + \c2{X) 



(3600 - 96/i:i,i/ci,2 

t2 



48/c?2 



■ 96A;i,2A:2,2) J' 



(B.38) 

{ki,i + 3)J'{ + (A;i,2 + 8) Ji J2 + (A;2,2 + 3) J| . (B.39) 
Again, without membranes, it can be checked that the anomaly condition cannot be satis- 



fied for integers ki^i, ki^2 and ^2,2- However, as the right-hand-side of eq. (|B.38D is divisible 
by 24, a complete model can always be obtained be inclusion of membranes as long as the 
flux integers are not too large. 

For the above examples, we have /i^'^(X) = 2 or 3 flux parameters and h^'^{X) = 
2 equations from the anomaly condition, so it is perhaps not surprising that a rational 
solution without membranes cannot be found. In fact, a similar obstruction can be found 
for other simple CICYs defined in a product of two projective spaces. This suggests looking 
at more complicated examples in products of more than two projective spaces, so that 
/i^'^(X) > h^'^(X). To this end, we consider the CICY in the third row of Table ^, defined 
in a product of three projective spaces and with configuration matrix 



(B.40) 
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Flux can be parameterized as g = ki^2JiJ2 + ^1,3 -^1 -^3 
find for the right-hand-sides of the anomaly and quantisation conditions 



^2,2-^1 + k2fiJ2J?, + ks^sJ^ and we 



'>^2,3 



C4(X) - 12^2 = (130 - 4A;i,3A:2,2 - 4A;i,2A:2,3 - Sh,3k2,3 

+ (114 - 4A:i,3A;2,3 - 4/^,2/^3,3 - 3A;i,3A;3,3 - 2/02,3^:3,3)^^ 
+ (84 - 2A;|,3 - 4A: - 2, 2/03,3 - 3^:2,3^:3,3) , 



3A:i,2/c3,3 - 2A;2,2/C3,3) 



^C2{X) = (3 + A;i,2) Ji J2 + (4 + A;i,3) Ji J3 + + ^2,2 

+ (6 + /j2,3)J2J3 + (3 + A;3,3)j| . 



-'2 



(B.41) 



(B.42) 



A quick scan reveals that both conditions can be satisfied for the choice (/ci,2, A;i,3, A;2,2; ^2,3, 
^3,3) = (1,3,7/2,0,6). 

In summary, we have seen that viable M-theory backgrounds based on CICY five-folds 
are not too hard to obtain by adding fiux and membranes as well as membranes only. 
With some more effort, by exploring more complicated examples with h?'''^{X) > /i^'^(X), 
solutions with flux only can be found as well. Unfortunately, we have not managed to flnd 
CICY five-folds with holonomy SU(5) and C4(X) = and such CICY five-folds may well 
not exist. However, an example with C/i{X) = which allows for a "clean" compactification 
without flux or membranes is still highly desirable and we, therefore, turn to another class 
of Calabi-Yau flve-folds. 
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B.2.2 Torus quotients 

The Chern classes of a torus vanish and it is, therefore, a promising starting point for the 
construction of Calabi-Yau five-folds with C4{X) = 0. Specifically, we start with a product 
T = T-^ X • • • X of five two-tori, each with a complex coordinate z^, where fj, = 1, . . . , 5, 
identified as ~ -|- 1 and ~ + i. Then we consider the symmetry Z| defined by 
the four generators 

7i(zi, . . . , Z5) = i-zi + 1/2, -Z2 + i/2, Z3 + 1/2, Z4, Z5) (B.43) 

72(zi, ...,Z5) = {zi, -Z2 + 1/2, -Z3 + i/2, Z4 + 1/2, Z5) (B.44) 

73(21, ...,Z5) = (Zl, Z2, -^3 + 1/2, -Z4 + i/2, Z5 + 1/2) (B.45) 

74(zi ...,Z5) = {zi + 1/2, Z2, -24 + 1/2, -Z5 + i/2) . (B.46) 

It is straightforward to check that the 16 elements of this group all act freely on T. Hence, 
the quotient X = T/Zg is a manifold. Clearly, it inherits the property of vanishing Chern 
classes from the torus and, in particular, C4{X) = 0. The holonomy of X is of course just 
but the four Z2 symmetries are still sufficient to reduce the number of super symmetries 
by a factor of 1/16. Therefore, X is a Calabi-Yau five- fold in this sense defined at the 
beginning of this appendix. 

What are the properties of X? Clearly, Ci{X) = for i = 1, . . . , 5 and this implies that 
the Euler number, 'r]{X), also vanishes. The Hodge numbers are obtained by counting the 
number of Z2 invariant {p, q) forms dz^^ A • • • A dz^^ A dz^-^ A • • • A dzi,^ . This results in 

h''\X) = 5, h^''{X) = 0, h^''{X) = 0, 

/i2'2(x) = 10, h^'\X) = 5, /i2.3(x) = 10. ^ ■ ' 

Presumably five-folds from tori divided by other discrete symmetries can be constructed 
along similar lines. We will not pursue this explicitly, having shown the existence of Calabi- 
Yau five- folds with C4{X) = by the simple example above. It remains an open question 
whether Calabi-Yau five-folds with full SU(5) holonomy and C4{X) = exist. We are not 
aware of a general mathematical reason which rules this out and it would be interesting to 
look for such manifolds, for example among toric five-folds. 

B.3 Some differential geometry on five-folds 

As discussed earlier, on a Calabi-Yau five- fold X we have a spinor tj, unique up to normal- 
isation, which is invariant under the holonomy group Hol(X). This means, r] is covariantly 
constant with respect to the Levi-Civita connection associated to the Ricci-flat metric g. 
Its direction can be defined by imposing the five annihilation conditions ^ 

7^7? = . (B.48) 



Given the definition ( A.5| ) of the 10-dimensional chirality operator, rj has positive and r/* 



negative chirality, that is 

^(11)^ = r], 7(11)7^* = -rj* . (B.49) 



'For our conventions on 10-dimensional gamma matrices and spinors, see Appendix ^ 
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As usual, we normalize rj such that 

'r]^ri = l . (B.50) 

It can be shown that i] satisfies the Fierz identity (see, for example, Ref. |jl^, Proposition 
5, or Ref. ||, eq. (2.3)) 

r/V = -^5MP7^', (B.51) 

which will be useful in our reduction of the fermionic terms. Apart from the normalisa- 
tion ( |B.5[1| ), there exist two other non-zero spinor bilinears, namely the Kahler form J and 
the holomorphic (5, 0) form 17 defined by 

Jfip = ivht^uV , ^^Mi-M5 = \ \^\\vhtii...t^5V* , (B.52) 

where \\^\\ = r2^^,,,^5il^^'"'*^/5!. Apart from these expressions and their complex conju- 
gates, all other spinor bilinears vanish. Both J and are covariantly constant as a direct 
consequence of rj being covariantly constant. The complex structure J is defined by the 
equation J^n = •Jm^Qpn ^'iid the metric g is hermitian with respect to J . The projection 
operators P± = (1 =F iJ)/2 can be used to split tensors on X into {p,q) "index types" 
with p holomorphic and q anti-holomorphic indices. As usual, we will work in local com- 
plex coordinates such that J^^ = i6'^ and J'p,'^ = —iS^- In this basis, the (2,0) and (0,2) 
components of the metric and the Kahler form vanish and we have 

J^Lu = WfiP ■ (B.53) 

For a {p,q) form uj^^''^^ with p > and g > we can define an associated {p — l,q — 1) 
form by contracting one holomorphic and one anti-holomorphic index of uj with the inverse 
metric g^'^. In the following, it will be convenient to introduce the short-hand notation 
yjiP'i) for this {p — l,q — 1) form. Note that oj^P''^^ is harmonic if oj^P''^^ is, since the metric 
is covariantly constant. This short-hand notation for the contraction of forms is useful to 
write down explicit formulaefor the Hodge duals of (p, q) forms which are required in many 
physics applications. Straightforward but in part somewhat tedious component calculations 
show that 

(0,1): <=1j4aC, (1,1): *u; = -ij3Aa;-^(:DA 

(2, 1) : w = -J^ Au+ ^ A i>, (3, 1) : *w = - J Avu - -J^ A w, 

2 3! i I (B-54) 

(4,1): *x = iX + J/\X, (2,2): *a = J A a - -J^ A a + —aj\ 

(3, 2) : *(/) = -icf) - J A 4> - ^ A 4). 

Some simplifications of these equations arise for harmonic (p, q) forms. We recall that 
Calabi-Yau five-folds have vanishing Hodge numbers hP'^{X) = h^'P{X) for p = 1,2,3,4. 
This means non-zero harmonic {p,0) and (0,p) forms do not exist and consequently 

^(p,i) _ = for harmonic (p, 1) and (l,p) forms with p > 1. (B.55) 
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Moreover, a harmonic (0, 0) form is a constant and, hence, 

^(1,1) _ const. for harmonic (1, 1) forms. (B.56) 



Combining these facts with the formula ( B.54| ), one finds for the Hodge dual of harmonic 
(p, q) forms on Calabi-Yau five-folds 

(1,1) : *LO = -^ J^ Au;-^ioj\ 

(2, 1) : *u = ^ j2 A I/, ^ ^ 

2 (B.57) 

i 1 

(3,1) : *m = - J Auj, (2,2) : *a = J A a - - Aa + j^^-J^, 

(4,l):*x = % (3,2) :*</) = -#- JA0, 

where we should keep in mind that ui and a are constants and a is a harmonic (1,1) form. 
The volume V of the five-fold can be written as 

[ AV5 = ^ / J'- (B.58) 

Then, acting with J A on the (1, 1) part of eq. ( [B.57| ), using that J A *w = —id}^x y/gw 
and integrating over X we learn that 

W Aw , , 

w = . (B.59) 

Jx ^ 

A further useful relation for a Hodge dual is 

*(o- A J2) = dJ - 2ia . (B.60) 

where o" is a (2, 2) form. In the next sub-section, we will use this relation to explicitly 
compute a and a. 

B.4 Five-fold moduli spaces 

For Calabi-Yau three- folds the moduli space of Ricci-flat metrics is (locally) a direct product 
of a Kahler and complex structure moduli space which are associated to harmonic (1,1) 
and (2, 1) forms, respectively. For Calabi-Yau five-folds the situation is analogous and we 



will naturally borrow from the literature for three- folds (in particular, see Ref. |16], for an 
explicit description). Just as for three- folds, the Kahler deformations of a five- fold metric 
are associated to harmonic (1, 1) forms while the complex structure deformations can be 
described in terms of (1,4) forms. All other harmonic forms on five-folds are unrelated to 
metric deformations but some of them still do play a role in M-theory compactifications. 
In particular, the (2, 1) forms determine the zero modes of the M-theory three-form field. 
No bosonic degrees of freedom can be associated with the (1,3) forms but, as we discuss 
in the main part of the paper, they give rise to a set of fermionic zero modes. In summary, 
all harmonic {p, 1) (or, equivalently, (l,p)) forms, where p = 1,2,3,4, are relevant for the 
zero-modes expansion of the M-theory fields. In addition, harmonic (2, 2) forms play a role 
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when flux is included in the compactification. It is useful to introduce sets of harmonic 
basis forms for these cohomologies as follows 



Wi}i=l,...,hi^{X), 

{t'p}p=l,...,/l2,l(X)) 
{Wx}a;=l,...,/i.i>3{X)> 
{<7e}e=l,...,h2>2(x), 
{Xa}a=l,...,/ii.4(X)> 



(B.61) 
(B.62) 
(B.63) 
(B.64) 
(B.65) 



with uJi and Ue real and all other forms complex. These forms can be used to construct 
various intersection numbers^ 
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(B.66) 



■xyi 



Jx '^x A Wy A LVi- 



which will play a role later on. 



We begin with the metric moduli. As usual, the basic requirement is that a variation 
gmn — > gmn + ^Qmn of the metric leaves the Ricci tensor zero at linear order in 5g. Working 
this out in detail, reveals that the (1, 1) part of 5g can be expanded in terms of harmonic 
(1, 1) forms while the (2,0) and (0,2) parts can be expressed in terms of harmonic (1,4) 
forms. Explicitly, one has 



S9, 



-iw. 



6f , 5g 



41II0IP 



^'/i Xa, 



5z'' , 



(B.67) 



with the variations and dz*^ in the Kahler and complex structure moduli. The standard 
moduli space metric on the space of metric deformations is defined by 



Q{.8g,5g) = ^ U'^x^g'^^gP'^SgmpSg^g 



(B.68) 



This metric splits into a Kahler and a complex structure part which can be worked out 
separately. Let us first discuss the Kahler deformations. A straightforward calculation, 
inserting the first eq. ( [B.67 ) shows that 



[V 2V 



UJj A *UJ 



X 



J 



(B.69) 



Using the expression in eq. (B.57) for the dual of (1, 1) forms together with eq. ( B.5S| ), this 
can be written in terms of topological integrals which involve J and the forms Wj. Then, 
defining the Kahler moduli by 

J = fuJi , (B.70) 



®The term "intersection number" is a slight misnomer in this context, as, in fact, all of these integrals, 
except dii...i5 , in general depend on the complex structure (due to the use of complex {p, g)-forms) and thus 
do not represent topological invariants. 
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one finds 



gj;'^)a) = -io^ + f^, (B.71) 



where we have introduced the notation 

= 51V = di,,„i,fK..f\ (B.72) 

UiAJ^ = d,i,,„,^& ...f' , (B.73) 

[ UiA ujj AJ'^ = diji,i,i,f'&& , (B.74) 
Jx 

: (B.75) 
and so on for versions of k with more than two indices. With this notation, eq. (B.59) can 



be re-written as 

C^i = 5i— . (B.76) 

K 

It is easy to check that the above moduli space metric ( [B.71| ) can be obtained from a 
"Kahler potential" /C^^'^) as 

gJJ'^) = didjK^^^^\ where ET^^'^^ = -- Iuk . (B.77) 

We can use the moduli space metric to define lower index moduli ti via ti = gij'^h^. From 
the explicit form ( |B.71| ) of the metric, it is easy to verify the useful relation 

U=^^. (B.78) 
A further useful observation is related to "metrics" of the form 

g., = g^^'' + c^ (B.79) 



for any real number c. A short calculation, using eq. ( |B.78[ ) and repeatedly, shows 

that 



Q., ( Q^'^'^^' + c^) = 5^ + (c + c + ^cc) ^ , (B.80) 



where c is an arbitrary real number. Here, the standard moduli space metric Q^j'^^ its 
inverse have been used to lower and raise indices. The above relation shows that 



for all c 7^ —5/2 the metric ( [B.7E ) is invertible and that its inverse is given by 



These relations will be helpful when calculating the flux potential in the one-dimensional 
effective theory. 

To summarise the main points, the Kahler moduli space for five-folds can be treated in 
complete analogy with the one for three- folds. The main difference is that the moduli space 
metric is now governed by a quintic pre-potential k instead of a cubic one for three-folds. 
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We now move on to the complex structure moduli. Evaluating the standard moduli 
space metric ( [B.68| ) for the (2, 0) variation of the metric in eq. ( [B.67] ), one finds 



5r = ^/^X.A.«. (B.82) 

Using the result in eq. ( B.57| ) for the Hodge dual of (4, 1) forms together with the relation 
y||r2|p = iJ^r2Ail then leads to the standard result 

Kodaira's relation 

d^a=^-^ + Xa (B.84) 



can be shown exactly as in the case of Calabi-Yau three- folds [16|. It implies, via direct dif- 
ferentiation, that the moduli space metric ( |B.83| ) can be obtained from the Kahler potential 

as 



g^^'^) = dadiK^^^^\ where ivT^^-^^ = In i j QaQ 



(B.85) 



In order to express more explicitly in terms of moduli, we introduce a symplectic 

basis {A-^,Bq) of five-cycles and a dual basis (a^t,/?^) of five-forms satisfying 

aA= [ aAAP^ = S% [ = / A = -6^ . (B.86) 
Jx JB^ Jx 

Then, the period integrals are defined in the usual way as 

Z^= [ n, Qa = I ^- (B.87) 



and the periods Qa can be shown to be functions of Z-^, just as in the three-fold case. In 
the dual basis (a^,/3^) the (5,0) form can then be expanded as J7 = Z-^a^ — QaP"^ and 
inserting this into the expression (|B.85 ) for the Kahler potential yields 

= In [iiQAZ^ - Z^Qa)\ ■ (B.88) 

By virtue of Kodaira's relation, f^Q A = which immediately leads to Ga = 

^ gJx(^B-2^^)- Hence, the periods Ga can be obtained as derivatives 

= ^ (B-89) 

of a pre-potential Q which is homogeneous of degree two in the projective coordinates Z-^. 
This is formally very similar to the three-fold case. However, an important difference is 
that the five-forms here contain not only (5, 0), (0, 5), (4, 1) and (1, 4) pieces but also (3, 2) 
and (2, 3) parts. That is, A,B,... = 0, 1, ... , /i^'^ + h'^'^. As a consequence, the periods 
Z'^ do not simply serve as projective coordinates on the complex structure moduli space. 
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though they can in principle be computed as functions of the z". However, their vast 
redundancy renders them much less useful as compared to the three-fold case. 

When flux is included, the one-dimensional effective theory depends on yet another 
set of moduli-dependent functions which arises from the contractions, de and de, of the 
harmonic (2, 2) forms Ce which appear in the relation ( |B.57| ) for the Hodge dual of (2, 2) 
forms. To explicitly compute these contractions, we note that de must be a harmonic (1, 1) 
form and can hence be expanded in terms of the basis Wj. Concretely, we write 

de = ikiuJi (B.90) 

with some coefficients kl which, in general, depend on the (1, 1) moduli t*. Applying one 
more contraction to this relation and using eq. ( B.76| ) we learn that 



de = --k^Ki . (B.91) 

Hence, we can deal with all the contractions of harmonic (2, 2) forms if we are able to 
compute the coefficients kl. This can be accomplished by multiplying eq. ( |B.60| ) with uj 
and integrating over the Calabi-Yau five- fold X. This results in 

K = ^{s''''''^-Y^)de,utH^^ (B.92) 

where is the inverse of Q^]'^^ ■ 

''J 

B.4.1 Real vs. complex forms 

For the purpose of disentangling and clarifying the intertwining of (2, 1)- and (l,3)-modes 
with the complex structure moduli in the M-theory reduction, it turns out to be advan- 
tageous to revert to real harmonic 3- and 4- forms instead of their complex counterparts, 
namely harmonic (2,1)- and (l,3)-forms. In this subsection, we will investigate the rela- 
tions between the two formulations. 

Real harmonic 3-forms are naturally locked to 3-cycles and thus topologically invariant. 
The fact that h^'^{X) = for Calabi-Yau five- folds ensures that a real 3-form^ is exclusively 
made up of a (2, 1)- and a (l,2)-piece. However, the way in which a particular 3-form is 
split into (2,1)- and (l,2)-parts evidently depends on the choice of complex structure. 
We can parametrically represent this fact by introducing complex structure dependent 
linear maps 21 and *B from real 3-forms to complex (2, l)-forms and vice versa. While this 
parametrization of the complex structure dependence in terms of unknown implicit maps 
turns out to be sufficient for the dimensional reduction we are carrying out in this paper, it 
would nonetheless be nice to find a way to calculate explicit expressions for these functions. 
However, this is beyond the scope of the present paper and will not be attempted here. 

For fixed bases, the linear maps have a matrix representation according to 

i/p = %^Nq (and: % = %^Nq) , (B.93) 



^AU difFerential forms occurring in this subsection are henceforth implicitly assumed to be harmonic. 
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= ^v'^ug + "B-p^Uq , (B.94) 

where {-^•p}p=i,...,;)3(x) is a real basis of H^{X) and {t'p}p=i,...,h2,i(x) is a basis 
To avoid confusion with symbols defined elsewhere, we use Fraktur font letters to denote 
maps translating between real and complex forms and calligraphic letters for real form 
indices. Note that and iB-p'' are complex and have dependence 2lp^ = z), 
^B-p*^ = ^v'^izjz), where and are the complex structure moduli of the Calabi-Yau 
five-fold. The equations above have two faces, for they can either be written in local 
real ten dimensional coordinates or in local (complex) Darboux coordinates. For example, 
eq. ( |B.94| ) in real coordinates is 

-^P,mim2m3 — ^v'^ ^q,mim2ms ~l~ ^v'^ ^q,mim2in3 ) (B.95) 

whereas in Darboux coordinates it reads 

Nv,fj.iiJ.2i^ = ^v'^J^q,fiiii2iy > (and c.c.) , (B.96) 



where forms with unnatural index types are to be translated manually using eq. ( [A.3| ). 
Inserting eq. ( [B.93| ) into eq. ( |B.94| ) and vice versa, we learn relations between the 21 and 
*B maps: 

2tp2Q3g<? = §^1 (and c.c.) , (B.97) 

= (and c.c.) , (B.98) 

For the complex structure dependence, one finds: 

daNv = , dal^p = %^,a'&Q'yq + %'^,a^Q'^^q , (B.lOO) 

d-aNv = , d-aVp = %p'^-a^Q''Vq + Stp^ -^Bq^,- . (B.lOl) 

Using eqs. (B.93)-(B.94) and eq. ( |B.57 ), one can compute the Hodge star of the real 3-form 

*Np = ^Av^Nq a J2 , (B.102) 

where Ap2 — i(*Bp«2lg2 _ ^T^mq^). The linear map A provides a complex structure 
on the moduli space of real 3-forms induced by the complex structure of the Calabi-Yau 
five-fold itself. It satisfies 

Ap^Aq^ = -5v'^ , {Ap^y = Av^, trA = 0. (B.103) 

Using the complex structure A, we define projection operators 



P±V^:=lilTiA)v^ (B.104) 



satisfying 



P±v^P±q'' = , P+v^P^Q^ = P^v^P+q"" = , {P^v^r = P^v^ . 

(B.105) 
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In terms of the 21 and *B maps, they are exphcitly given by 



P^^Q = *Bp%2 , P-v^ = *B-p%-2 _ (B.106) 

The standard metric on the moduh space of real 3-forms is 

g!^l = J^Npa*Nq. (B.107) 



Using the expression for the Hodge star ( B.102| ), we can rewrite this so as to make the 
dependence on the moduh more exphcit: 



Q?h{t,z,z) = ^A(p^dQ)7^,,f^^■ , (B.108) 



where we have defined a new intersection number d-pQij := j-^ N-p A Nq A uJi A ujj, which 
is purely topological. Note that d-pQij = —dgpij. The metric anti-commutes with the 
complex structure: 

Ap^agi + 4'^A^2 ^ , (B.109) 
which, in fact, becomes a Hermiticity condition on the metric Q^^^: 

G% = Ar'^AQ^g^^l . (B.llO) 
Thus, the 3-form moduli space is a Hermitian manifold with G^'^^ being a Hermitian metric. 

A real 4-form, which is topologically invariant, can be decomposed into the sum of 
(1,3)-, (3, 1)- and (2,2)-forms using the complex structure of the Calabi-Yau five-fold X. 
In the same spirit as for the 3-forms, we introduce linear maps D, <E and J to translate 
between real 4-forms and their (1,3)-, (3,1)- and (2, 2)-pieces: 

= ^^^Ox (and: Ws = Ix^Ox) , (B.lll) 

ae = <te^Ox , (B.112) 
Ox = ^x^'w, + ^x'^^x + ^x'oe , (B.113) 

where {vj^} is a basis of i?(i'3)(X), whereas {ae} and {Ox} are real bases of H^'^''^^X) 
and H^{X), respectively. Unlike £ and D, ^ and 5 are real. All linear maps C, 5), S; and 
^ a priori depend on the complex structure moduli and z"". By consecutively inserting 



eqs. ( B.111 )-( B.113 ) into each other, we learn relations among the linear maps 

e:x^S);t^ = <5.^ Cx'^S;^^ = (5/ , (Be^'^X^ = Se^ , (B.114) 

Cx-^^^t^" = <tx^^x' = ^e^^x"" = , (and c.c.) , (B.115) 

2)^^e:,^ + f)x^~^^^ + ^x'^e^ = Sx^ . (B.116) 

The wedge product of two harmonic (l,l)-forms is a harmonic (2,2)-form. For the 
purpose of this paper, we will restrict attention to the case where all (2, 2)-forms are 
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obtained by wedging together two (1, l)-forms, that is we require* 

/f(2.2)(;s^) = A . (B.117) 

All examples of Calabi-Yau five- folds presented in Appendix |B.2| satisfy eq. (|B.117| ) . The 
significance of this restriction is that, since the (1, l)-forms (being naturally locked to 
2-cycles) are independent of the complex structure, so are the (2, 2)-forms if they are 
entirely generated by the square of (1, l)-forms. This implies that fie, Sg'^ and 'Sx'^ are all 
independent of the complex structure moduli (or of any moduli fields, in fact). Since the 
left hand side and the last term on the right hand side of eq. ( p.ll3| ) are independent of 
the complex structure, the same must be true for the sum of the first two terms on the 
right hand side. This observation allows us to treat the (1,3) and (3, 1) part together in a 
complex structure independent way. 

Let us now choose the basis {Oa'} such that the first 2/i^'^(X) indices lie in the 
(1,3) + (3,1) directions and the remaining indices lie in the (2,2) direction, that is we 
divide the index range X = where X = 1, . . .,2h^'^{X) and ^ = 1, . . .,h^''^{X). 

This rearrangement is also independent of the complex structure. Eqs. ( B.111| )-( |B.113D 
then become 

Wx = ^x^O^ (and: = Ix^O^) , (B.118) 

O;^ ='S^''wx + t)^^ms:, 0.^ = dx''(re, (B.120) 

where O^, O^, d^'^, and Ue are independent of the complex structure moduli, whereas 
all other objects are dependent on them. Instead of eqs. (B.114)-( p3.116| ) we have 

e:/2)/ = 5,^ l/^^y = 5-x\ <£e^s/ = sj, (B.121) 

^x^'I)^y = 0, (andc.c), (B.122) 

2)/e:,^ + S/C5;^ = 5/, dx"^e^ = ^/- (B.123) 



/pj^ — 'Jx 5 '^x X — ^ ' ^ X 

) A 
' X 

r y 

'X ^a: X ~"X ' ^X '^^ — "x 

The relations between C^;'^, and Wx are very similar to the relations between 2lp^, 

QS-p*^, N'p and Up for the 3-form case discussed above. The complex structure dependence 



in the (l,3)-sector is parametrized by (Lx'^ and 2)--.^ 



daO^=0, daWx = 1x^,a^yyTUy + ^x^^a^^y^y , (B.124) 

d-aO^=0, d-aWx = ^x^ -J^y^Wy + <lx^ ^a'Si VJ y . (B.125) 

Using eqs. ( |B.118D , ( |B.120 ) and ( B.57| ), one can compute the Hodge star of the real 4-form 
Ox- 

*0-p = -O^AJ. (B.126) 



In the Calabi-Yau four-fold literature, the right hand side of eq. (B.117) is often referred to as the 
vertical part, denoted Hy'^\ of iift^'-^' (see, for example, Ref. [^). The total space is given by 

comprises all (2, 2)-forms that can not be obtained by the product 
of two (1, l)-forms. In this terminology, we are considering Calabi-Yau five-folds X for which H^'^''^\X) = 
H!i^-^\X) and H^h''^\x) = 0. 
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Whenever we use the forms to describe (1, 3)- and (3, l)-forms we wih refer to it as the 
4-form formulation. The standard metric on the moduh space of real 4-forms is given by 

I 0;iA*Oy. (B.127) 



Using the expression for the Hodge star ( B.126| ), we can rewrite this so as to make the 
dependence on the moduli more explicit: 

Q%it) = -d^y^f , (B.128) 

where we have defined a new intersection number d^y- := j-^ Oj^ AOyAuJi, which is purely 
topological. Note that d-j^y. = dy-^-. 

Similarly to the 3-form case, there is a complex structure A^^-^ on the 4-form moduli 
space inherited from the complex structure of the Calabi-Yau five-fold and given by 

A/ = i(2)/'e:,^-I)/^5;^) . (B.129) 

It satisfies the relations of eq. ( B.103| ). The projection operators are 



^'±/:=^(lT^A)/, (B.130) 
which satisfy eq. ( |B.105| ) and are explicitly given by 

p+/ = s)/e:/, p_/ = 2)/e/. (B.m) 



Note, however, that unlike in the 3-form case, the standard 4-form metric ( B.127| ) is not 
Hermitian with respect to the complex structure A^-^. 

C M = 2 supersymmetry in one dimension 

In this appendix we will review and develop one-dimensional J\f = 2 supersymmetry to the 
level necessary for the theories which arise from our M-theory reductions. One-dimensional 



supersymmetry has previously been discussed in the literature (see, for example, [|10|, |39|, |40 | 
and references therein), notably in the context of black hole moduli spaces [^]. However, to 
describe the effective actions which arise from M-theory reduction on Calabi-Yau five-folds 
a number of generalisations and extensions of the one-dimensional J\f = 2 theories studied 
in the literature are required. For example, we find that we require theories in which the 
two main types of multiplets, the 2o and 2b multiplets, are coupled. Some of the five-fold 
zero modes fall into fermionic (26) multiplets so we need to introduce and develop these 
multiplets properly. Even though gravity in one dimension is non-dynamical, it leads to 
constraints which cannot be ignored. This means we need to consider one-dimensional local 
supersymmetry. Finally, when we include M-theory four-form fiux we need to incorporate 
a potential and an associated superpotential into the 2a sector of the theory. All those 
features have not been fully worked out in the literature. We have, therefore, opted for a 
systematic exposition of one-dimensional N = 2 global and local supersymmetry, in order 
to develop a solid base for our application to M-theory. 
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C.l Global M = 2 supersymmetry 

Before turning to one-dimensional M = 2 curved superspace, we will briefly recapitulate 



the case of global N = 2 supersymmetry in one dimension |1C]. One-dimensional super- 



space (supertime) is most easily obtained by dimensional reduction from d = 2, which has 



attracted a lot of attention in view of formulating superstring actions in superspace [42|. 
In d = 2, there are Majorana, Weyl and Majorana-Weyl spinors and hence the same amount 
of supersymmetry can be realized by different choices of spinorial representation for the 
supercharges (see, for example, Ref. [^]). For M = 2, the two options are (1, 1) and (2,0) 
supersymmetry. 

Upon reduction to one dimension, these two choices for two-dimensional J\f = 2 su- 
persymmetry lead to two different one-dimensional N = 2 super multiplets, referred to as 
2a (descending from two-dimensional (1, 1) supersymmetry) and 2b (descending from two- 
dimensional (2, 0) supersymmetry) multiplets. These two multiplets will play a central role 
in our discussion. Off-shell, the 2a multiplet contains a real scalar as its lowest component 
plus a complex fermion and a real scalar auxiliary field while the 26 multiplets contains 
a complex scalar as its lowest component, accompanied by a complex fermion. The 2b 
multiplet does not contain an auxiliary field. Other off-shell multiplets, not obtained from 
a standard toroidal reduction, are the fermionic 2a and 26 multiplets and the non-linear 
multiplet [^]. From those we will only need and discuss in detail the fermionic 26 multi- 
plet. It has a complex fermion as its lowest component which is balanced by a complex 
scalar at the next level. 

Flat M = 2 supertime, R^'^, is parametrised by coordinates {x'^ = r; 6, 6}, where is a 
complex one-dimensional spinor. In the following, we use indices A, B, ... = {), 6, 9 to label 
supertime tensors. The supersymmetry algebra is generated by two supercharges Q and Q 
defined as 

Q = de- '-edo, Q = -dg + '-edo (C.l) 

where de = ^, 5^ = ^ = - {de)* , 3^ = ^ = Using the conventions for one- 
dimensional spinors summarised in Appendix ^ it is easy to verify that they satisfy the 
algebra 

{Q.Q} = idQ = H, {Q,Q} = 0, {0,0} = 0. (C.2) 

Supersymmetry transformations of = 2 supertime are parameterised by a complex one- 
dimensional spinor e and act as 

5, = ieQ , 6e = ieQ . (C.3) 

This choice ensures that the total supersymmetry variation 5^xot. = ^e + ^i is real. As usual, 
we introduce the associated covariant derivatives D and D which anti-commute with the 
supercharges, that is {D,Q} = {D,Q} = {D,Q} = {D,Q} = 0, and are explicitly given 

by 

D = dg + ^edo, D = -d-g - Udo . (C.4) 

They satisfy the anti-commutation relations 

{D, D] = -ido = -H, {D, D} = 0, {D, D} = . (C.5) 
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Although not really required for the global case it is useful for comparison with local su- 
persymmetry later on to develop the geometry of flat supertime. To this end, we introduce 
the notation (Oa) = {80,80,80) for the partial derivatives and similarly for the covariant 
derivatives, (Da) = (Dq, Dg, Dq). These two types of derivatives are generally related by 



Da = Ea''8b 



(C.6) 



where Ea^ is the inverse of the supervielbein Eb—, that is Ea'~' Ec— = ^a—- For flat 
supertime we have Do = 80, Dq = D and Dq = D with D and D given in eq. (C.4). A 



short computation using eq. ( C.6 ) then shows that the supervielbein of flat supertime is 
given by 



(C.7) 



Eo- = 


1, 


Eo- 


= 0, 


Eo- 


= 0, 


Ee- — 


2 ' 


Eq- 


= 1, 


Eq- 


= 0, 


Ee-- 


--e, 
2 ' 


El 


= 0, 


El 


= -1 



The torsion tensor Tab and curvature tensor Rab^^ can be obtained from the general 
relation ||4|, |4| 



[Da, Db} = -Tab-Dc - Rab'M, 



(C.8) 



where M^^ are the Lorentz generators. In d = 1, the Lorentz indices only run over one 
value and hence the single Lorentz generator and the curvature tensor vanish. To compute 



the torsion tensor of flat superspace we use the flat superspace covariant derivatives ( C.4 ) 
in the above relation ( p.8| ) for the torsion tensor. One finds that the only non-vanishing 
component is 

Tel = i. (C.9) 



Finally, we find for the super-determinant of the flat supervielbein (C.7) 

sdeiEA-= -1 . 



(C.IO) 



Now we need to introduce superfields. One-dimensional = 2 superfields are functions 
of the supertime coordinates r, and 6. As usual, their component field content can be 
worked out by expanding in 9 and 6. Since 9'^ = 6"^ = 0, only the terms proportional to 
6, 9 and 99 arise, in addition to the lowest, ^-independent component. Different types of 
irreducible superfields can be obtained by imposing constraints on this general superfield. 
We now discuss these various types in turn. 

A 2a superfield cp = (j){T, 9, 9) is a real superfield, that is, a superfield satisfying the 
constraint (f) = (j^ . A short calculation shows that the most general component expansion 
consistent with this constraint is 

ct) = ^ + i9i) + i9i^+'^99f , (C.ll) 

where <^ and / are real scalars and ^ is a complex fermion. The highest component / will 
turn out to be an auxiliary field so that a 2a superfield contains one real physical scalar 
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field. From eqs. ( C.l ) and ( p.3D , the super symmetry transformations of tliese components 
are given by 

- i 1 

6e(p = -e^p, detp = 0, 6^ip = -eip - -ef, 6J = -ieip, (C.12) 

i _ l_ 

6eip = etp, 5eiJ = 0, Slip = --eif - -ef, 5^1 = -ie^j . (C.13) 

For a set, {0*}, of 2a superfields the most general non-linear sigma model^ can be written 
in superspace as ||l^, 17, 

S2a = \j dT(fe{{Gif) + B{^),,D(t)'D(tP + Uj{^)D4)'D(tP + M,,{^D4)'D4>> + >V(^)} 

(C.14) 

where Gij is symmetric, Bij, Lij, Mij are anti-symmetric and W is an arbitrary function 
of (/)*. The component version of W(0) is obtained by a Taylor expansion about 



W(^) = Wiip) + i9^P'W4ip) + ie^p'W^ip) + -99iW4ip)f + 2W,,,MV'V^'). (C.15) 



The , i notation denotes the ordinary derivative with respect to (^*. From this and the other 
formulaegiven in this appendix it is straightforward to work out the component action of 
this superspace action. Here, we will not present the most general result but focus on the 
first and last term in eq. ( p.l4| ) which are the only ones relevant to our M-theory reduction. 
One finds 

52a = ^ y drd^d {Gij{^D(t)'D(l>i + W(0)} (C.16) 



- ic,,, - v^'v^^'r - V'VV^') + ^G,,, + i^^i^^w (C.17) 

Apart from the standard kinetic terms we have Pauli terms (coupling two fermions and the 
time derivative of a scalar), Yukawa couplings and four-fermi terms. We also see that the 
highest components /* are indeed auxiliary field. The /* equation of motion can be solved 
explicitly and leads to 

f = G'mj + ... (C.18) 

where G^^ is the inverse of Gij. The dots indicate fermion bilinear terms which we have not 
written down explicitly. Using this solution to integrating out the /* produces additional 
four-fermi terms and the scalar potential 

52a,pot = -^JdTU, U = ^G'm,^W,j . (C.19) 



''For an introduction to supersymmetric non-linear sigma models in one and two dimensions, see, for 
example, Ref. |)40|. 
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The other major type of multiplet is the 2b multiplet Z = Z(t, 9, 6) which is defined 
by the constraint DZ = 0. Working out its most general component expansion one finds 



z = z + eK + -eoz, 

2 



(C.20) 



where z is a complex scalar and k is a complex fermion. We note that, unlike for the 2a 
multiplet, the highest component is not an independent field but simply z. Hence, a 2b 
multiplet contains a complex physical scalar field and no auxiliary field. This difference 
in physical bosonic field content in comparison with the 2a multiplet will be quite useful 
when it comes to identifying which supermultiplets arise from our M-theory reduction. 
Eqs. ( p.l| ) and (C.3) lead to the component supersymmetry transformations 



6eZ = ien, 6eZ = 0, 6eK = 0, 6eK = ez, 
5iz = ieR, 5^z = 0, 6iR = 0, 6ik = ez . 



(C.21) 
(C.22) 



A general non-linear sigma model for a set, {Z""}, of 2b multiplets has the form [|T^, ^ 



5. 



2b 



- I dTd'e \ G^i{Z,Z)DZ''DZ^ + 



+ F{Z,Z) 



(C.23) 

where G^i is hermitian. Bat is anti-symmetric and F is an arbitrary real function. The 
component version of F(Z_,Z_) is obtained by a Taylor expansion about and z": 

F{Z,Z) = Fiz,z) + eK''F^a{z,z) - 9R^F-a{z,z) 

+ ^96 - iFaU,!)^" + 2F,5(z,I)k"k^} . (C.24) 

The component form of the action ( p.23| ) can again be worked out straightforwardly from 
the above formalae but we will not pursue this here. Instead, we focus on a slightly different 
superspace action which is better adapted to what we need in the context of our M-theory 
reduction. First, we drop the term proportional to Bab which does not arise from M-theory. 
Secondly, we introduce a slight generalisation in that we allow the sigma model metric 0^1 
to also depend on 2a superfields (/>*, in addition to the 2b superfields Z*^ and their complex 
conjugates. A multi- variable Taylor expansion of a function G{(j), Z_, Z_) depending on 2a 
as well as 2b superfields yields the component form: 

Gicl),Z,Z) = Giip,z,z) + 9[i^P'G,^{ip,z,z) + K''G,a{^,z,z)] + e[i{^'G,i{^,z,z) 



-K^G^a{^,Z,z)] + 



-G,, ((£,!,£)/ + GAj{^,z,z)ij'xP^ 



+iG^ia{(p,z,z)ip'K'' + iG^ia{(p,z,z)tl;'K"' + G^^l{ip,Z,z)K''K' 

% % . - 

+ -jG^a{'£,Z,z)z'' - -G^a{'£_,Z,z)t"' 



(C.25) 



The relevant action is 



S2b = \j dTdH {Gabi^,Z,Z)DZ''DZ' + FiZ,Z)] 
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= lJdT |G„5(^,z,l)i«# - ^G„5(^,z,l)(«"^"^ - k'^R') (C.26) 
-lG,l,,{^,z,z){K'^Kh'^ - 2n'^Rh'^) + '-G,j,^,{^,z,z){k'^-kH' + 2k'^ac¥) (C.27) 

-G'„5,cj(^,l,l)«"^''^'^' - - (C.28) 

-iG,-,.,,{ip,z,z)K-K'i;'K'^ - iG,i^d^,z,z)K-R'^'K' - G,i^,{ip,z,zWRh- (C.29) 

- - F5#) - F^s^-^^'^l . (C.30) 

Note that the function F gives rise to a Chern-Simons type term (and fermion mass terms) 
but not to a scalar potential. 

The 2a and 26 superfields introduced above are bosonic superfields in the sense that 
their lowest components are bosons. However, for both types of multiplets there also 
exists a fermionic version, satisfying the same constraint as their bosonic counterparts but 
starting off with a fermion as the lowest component. In our context, we will only need 
fermionic 2b superfields so we will focus on them. The details for fermionic 2a superfields 
can be worked out analogously. 

Fermionic 2b superfields R = R{t, 9, 9) have a spinorial lowest component and are 
defined by the constraint DR = 0. Their general component expansion reads 

R = p + 9h+^99p , (C.31) 

where p is a complex fermion and ^ is a complex scalar. For its component supersymmetry 
transformations one finds 

6^p = ieh, 5eP = 0, S^h = 0, 6f.h = — ep, (C.32) 
5ip = —ieh, 6ip = 0, 6ih = 0. 5ih = Ip . (C.33) 

A set, {i?^}, of fermionic 2b superfields can be used to build non-linear sigma models where 
only fermions arc propagating. A class of such models is given by 

S2b,F = \j dTcf9G:,y{f)R'=Ry (C.34) 

= \Jdr [^G,y{^){p^py - p^py) - G,y{^)h^W - \G^y,i{^)p^p^r (C.35) 

-iG^yMi^'p'^W + V^V^^") - G,y,ij{^)p''pH^^} . (C.36) 

Here, we have allowed the sigma model metric to depend on a set, {0*}, of 2a moduli, a 
situation which will arise from M-theory reductions. Note that the bosons are indeed 
auxiliary fields and only the fermions p^ have kinetic terms. 

C.2 Local M = 2 supersymmetry 

The goal of this subsection is to develop one-dimensional J\f = 2 curved superspace to an 
extent that will allow us to write down actions over this superspace and compare their 
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component expansion with our result from dimensional reduction of M-theory on Calabi- 
Yau five- folds. Eventually, we are using the results of this subsection to write our one- 
dimensional effective action in full one-dimensional M = 2 curved superspace thereby 
making the residual supersymmetry manifest. 

The on-shell one-dimensional N = 2 supergravity multiplet comprises the lapse func- 
tion (or "einbein") N , which is a real scalar, and the "lapsino" ij^Q, which is a one-component 
complex spinor. In all expressions provided in this sub-section, flat superspace (and thus 
the equations of the previous subsection) can be recovered by gauge fixing the supergravity 
fields to = 1 and ifjQ = 0. From a more geometric viewpoint, curved M = 2 supertime 
looks locally like flat M = 2 supertime R-^l^. 



The well-known case of = 1 in four dimensions 47, 48, 49, 50, ^ and supergrav- 
ity theories in two-dimensions ^ will guide us in constructing our curved supertime 
here. Modulo some subtleties, which are explained below, many textbook formute^*^ carry 
over to the case oi M = 2 supertime with the index ranges adjusted appropriately. 

The geometrical description of curved superspace follows ordinary Riemannian geom- 
etry, however with the range of indices extended to include the spinorial coordinates. In 
particular, certain (super-)tensors, such as the supervielbein E^—, super-spin-connection 
Q,AB—, supertorsion Tab— and supercurvature Rabc_—, play an important role when work- 
ing with curved superspace. As in the previous subsection, the indices A,B^. . . = 0,9,9 
are used to label supertime tensors and underlined versions A,B^,... correspond to local 
Lorentz indices. As local coordinates, we choose {x^ = t;9,9}, where is a complex one- 
dimensional spinor. The supervielbein can be used to convert curved to flat indices and 
vice versa, so that 

Va = Ea^Vb, Va = Ea^'Vb . (C.37) 

In the second relation the inverse of the supervielbein has been used, which is defined via 

Ea^Eb^ = (5a^, Ea'^Eb^ = Sa-. (C.38) 

Note that one may use the super differential dz^ together with the graded wedge-product 
A to write all the aforementioned supertensors as super-differential forms, for example 

E^ = dz^EB-, = \dz^ A dz^TcB- ■ (C.39) 

The supertorsion is defined as covariant derivative of the supervielbein: 

= dE^ + E^A VLb-. (C.40) 

The role of the local Lorentz indices is rather subtle in = 2 supertime. In order to 
recover flat supertime, these indices are taken to be valued in the bosonic Lorentz group 
S0(1) , which is just the trivial group, and not in the full super-Lorentz group S0(1| 2) . Since 
there is no Lie algebra for the trivial group, there are no Lorentz generators in one dimension 
and the local Lorentz indices A,B_,... do not transform under any group action but should 



^"We shall closely follow Refs. ||, here. 
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merely thought of as labels. They label the two different representations of Spin(l), namely 
for ^4 = the "vector" representation, which is nothing but the real numbers in one 
dimension, and for A = 9 the spinor representation which are real Grassmann numbers. In 
addition, the fact that we want to realize AA-extended supersymmetry (with J\f > 1) means 
we need in principle another index, say i, j = 1, . . . ,M on the A = 9 components to label 
the AA-extendedness of the spinorial components (cf. the notation used in four dimensional 



M = 2 superspace 57]). Here, M = 2 and hence A,B^,... = 0, ^xi^2- For ease 

of notation, we combine the two 9^ into a combination of one complex index 9 = 9i+ i9_2 
(and similarly 9_ = 9_i — i9_2) thereby suppressing the additional A^-extension index i. After 
this step, the local Lorentz indices A^B_,--- range over 0, 9_ and 9_. Note that this coincides 
precisely with the notation used for curved indices except for the additional underline 
added for distinction. In summary, even though the local Lorentz indices can take on three 
different values, there is no group acting on them. Objects carrying an anti-symmetrized 
combination of two or more local Lorentz indices vanish identically, since the Lorentz 
generator in each representation of Spin(l) is zero and there are no representation-mixing 
Lorentz transformations. This immediately implies Q,ab— = and Rabc~ = 0, which 
profoundly simplifies the further discussion. 

Since the on-shell supergravity multiplet contains only one real scalar, we take the 
geometrical supertime tensors to be 2a superfields, which means they comprise four com- 



ponent fields when expanded out in powers of 9 and 9 (see eq. ( C.ll )). The supervielbein 
Ea—, in general, consists of a set of 3 x 3 = 9 2a superfields, which totals to 9 x 4 = 36 
component (that is, off-shell) fields, and is expanded as 



Ea^ = EAio)- + iOEA^i)^ + i9EAa)- + ,:00Ea^2)- ■ (C.41) 



This is a large number of apparently independent fields given that on-shell, we just have 
three, namely A^, ipo and ^q. In order to not obscure the physical content and to formulate 
supertime theories in the most efficient way, it is important to find a formulation with 
the minimum number of component fields. This can be achieved by imposing covariant 
constraints on the supervielbein and by gauging away some components using the super- 
general coordinate transformations 

5Ea^ = f{dcEA^) + {dAf)Ec^, (C.42) 

with infinitesimal parameters which comprise a set of three four-component 2a su- 
perfields (that is, 12 component fields in total). The lowest component of .^'^1 = C is the 
infinitesimal parameter of worldline reparametrizations, whereas the lowest components of 
the spinorial parameters = ie and = ie correspond to the infinitesimal local Af = 2 
supersymmetry parameters. The notation (j)\ is a shorthand for (plg^g^Q, that is denoting 
the lowest component of the superfield (j). An infinitesimal local N = 2 supersymmetry 
transformations with parameters e and e on a general superfield (p can be written by means 
of the supercharges Q and Q as 

5,4) = ieQcp, 5^cp = ieQcj). (C.43) 
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If we use the following general component expansion for (/>: 

</> = </>!+ e{V(t>\) - e{V(t^\) + ]^9e{[v,v]<p\), (c.44) 

then the components of (j) transform as 

5M) = i^Q'Pl = ieQV(P\, S,(pcj)\) = ieQV(P\, 6,{[V,V]cl)\) = ieQ[V,V]cl)\. 

(C.45) 

Both ( p.44 ) and ( C.45| ) are manifestly super-covariant expressions since we used the tan- 



gentized covariant super-derivative of curved supertime Va = Ea^Qb for building them. 
Note that, similarly to D and D in the flat case, the tangentized, spinorial super-covariant 
derivatives are abbreviated as V := = Eg^dA and V := Vq = Eg'^dA- From the general 
fact that Q\ = T)] = de, it follows that one may replace Qs by Ps everywhere in ( |C.45 ) 



and hence knowing the component expansion of D is enough for working out the entire 
component version of ( p.43 ), namely: 



5,{(j)\) = ieV(j)\, S,{V(^\) = ieP^^I = 0, <5,(P(/)|) = ieVVc^l, 6,{[V,V](^\) = -ieVVV(j)\, 

(C.46) 

and similarly for the e-transformations. In the second and fourth equation in ( |C.46D , we 
used the property = 0. 

Now continuing our quest for finding the minimal formulation of off-shell J\f = 2, d = 1 
supergravity, we have here opted for the analogue of the Wess-Zumino gauge in d = 4 
and the way to formulate it in the present case will be explained in the following. Since 
we have three physical components in the supergravity multiplet, we shall use 9 = 12 — 3 
components out of to gauge fix 9 out of the 36 components of Ea—, namely 

Eg^\ = Eg^\ = Ee^\ = ^/l = VEq^\ = VEq^\ = 0, (C.47) 
VEe^-\='-, Ee'-\ = l, E^^\ = -l. (C.48) 

The three remaining parameters in act on the three physical fields A^, "00 and ^/^o, which 
we choose to identify in the following way: 

So-|=iV, £^0-1=^^0, ^o^| = -V^o. (C.49) 

We will now discuss our choice of covariant constraints. Usually, they are imposed on 
certain components of the tangentized supertorsion Tab—- "Trial and error" and "educated 
guesses" eventually lead to a combination of constraints that yield the minimum number 
of fields in the ^-expansion of the supervielbein Ea—- The main idea is to take the system 
of constraints from J\f = 1, d = 4 and restrict the index ranges appropriately. Doing this, 
we obtain the following torsion constraints: 

"^ee' — h Tg0- = O, (conventional constraints), (C.50) 

= 0' = (representation preserving constraints), (C.51) 
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TeB- = 0, ("type 3" constraint), (C.52) 

and their complex conjugates, of course. We are equating superfields to superfields here 
and hence each of the above relations is manifestly (super-)covariant. The first line is the 
analogue of the conventional constraints in AA = 1, c? = 4 and are characterized by being 
algebraically solvable. In the absence of Ra—, the torsion is directly related to the graded 
commutator of two super-covariant derivatives via 

[Da, Vb) = -TaiP-Vc. (C.53) 
The conventional constraints now stem from imposing (cf. eq. ( C.4[ )) 



{V,V] = -iVo, (C.54) 

which guarantees that the tangentized covariant super-derivatives of curved superspace, 
D and P, satisfy the flat algebra. A 26 superfield Z by definition satisfies "DZ = 0. 
The representation preserving constraints listed in (C.51) follow from the corresponding 
integrability condition, that is from 

{P,P}Z = V 26 superfields Z. (C.55) 

For the constraint in ( |C.52D , we do not have a direct motivation from a one-dimensional 
viewpoint, so we impose it purely by analogy to the conformal constraint of = 1 in 
d = 4. 

In general superspace theory, the torsion and curvature tensors satisfy the two Bianchi 
identities (Bis) 

Vr^ = E^A Rb-, (C.56) 
VRa- = 0, (C.57) 

where V = d + 17 A. Specializing to M = 2 supertime, the second Bl identically vanishes 
due to Ra— = and the first BI becomes 

dT^ = ^ '^\aTbc}- + Tiab-T\e\c}- = 0- (C.58) 

In the presence of constraints, consistency requires that the Bis are sill obeyed and this 
needs to be checked by explicit calculation. In this respect, the Bis become "contentful" 
(rather than being genuine identities) when constraints are present and then the Bis must 
be imposed. For the case at hand, one learns from the BI ( p. 58] ) that all remaining torsion 
components which are not already fixed by the constraints ( p.50D -( |C.52| ) must be zero. 

From the definition of the supertorsion ( p.4C| ), the choice of gauge fixing ( |C.47D -( [C.4S| ) 
and torsion constraints ( |C.50D -( p.52 ) and the imposition of the BI ( C.58D , all 36 compo- 



nents in the supervielbein expansion (C.41) are fixed uniquely to 



Eo^ = N + i^Vo + iOi^o, (C.59) 
£;o- = V'o, Eo^ = -ijo, (C.60) 
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Ee^=-'-l Es^=-'-e, (C.61) 
E/=l, ^/ = 0, S/ = 0, E/ = -l. (C.62) 

Note that the minimal set of fields of off-shell pure M = 2, d = 1 supergravity does not 



comprise any auxiliary fields. From eq. ( C.38| ) we compute the component expansion of 
the inverse supervielbein 

(C.63) 
(C.64) 
(C.65) 
(C.66) 
(C.67) 

Since Va = Ea^Ob, the above expressions allow us to write down the component expansion 
of the tangentized, spinorial super-covariant derivative 



Eo' 


= N-' 


- '-ON-^o - \0N-^^ - 




Eo' 


= -N- 


Vo - ^^iV-VoV^o, Eo 




Ee^ 


= -m^ 

2 


-1 _ -^eoN-^^, E-^ = 




E/ 


i 

= 1 - - 
2 






E-i 


= -1 + 




Ef = 'fN-'i^o. 



V=\^l- -N-'e^o - -N-'eOi^oi^oj de + [^-^^-'9 - -N-'99i;oj do - -N-'9^l;odg, 

(C.68) 

and similarly for V. By comparing the component expansion of eq. (C.42) with eqs. ( |C.59D - 



( C.62| ), we learn how the supergravity fields transform under local J\f = 2 supersymmetry 



5eN = -eV'o, SeN = £■00, <5e'0o = ^e, <^e0o = 0, ^V'o = 0, Siipo = -ie. (C.69) 

In order to build curved superspace actions that are manifestly invariant under local J\f = 2 
supersymmetry, we need the analogue of y/—g to construct an invariant volume form. It 
turns out that this is given by the super-determinant of the supervielbein, denoted simply 
by £, and defined, in general, as 

£ := sdetEA^ = (det K-)(det[^,^ - (C.70) 

where a,b, . . . and a, (3, . . . denote vector and spinor indices, respectively. Specializing to 
M = 2 supertime and inserting eqs. ( C.59| )-( |C.62 ), one finds for the super-determinant of 
the supervielbein 

£ = -N -'-9i,o-'-Ho. (C.71) 

Since there is no 0^-component in this expression, it follows that the canonical action of 
pure supergravity vanishes as expected, that is 

Vre sugra = j dT<f9£ = 0. (C.72) 
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Also, as an additional consistency check, one may verify that E is super-covariantly con- 
stant, so that 

y dTcPeve = j drcfem = (total derivative) = . (C.73) 
This allows us to use the partial-integration rule for superspace. 

In analogy to the flat superspace case, we will now present the different irreducible 
multiplets. We begin with the 2a multiplet, defined by the constraint (/) = (p^ . The general 
solution to this constraint leads to the component expansion 

^ = ip + ie^ + iei; + \0Gf , (C.74) 

where the component fields are labelled as in eq. ( IClll ). This can also be written in a 
manifestly super-covariant fashion as 

= 01 + - e{Vcp\) + he{[v,'D]^\). (c.75) 

For the supersymmetry transformations of the 2a component fields one finds 



(C.76) 



(C.77) 



This is obtained by plugging in the component expansions ( lOel ) and ( lOTil) into the 
general formula ( |C.46| ) . A standard kinetic term of a single 2a superfield (j) and its associated 
component action are given by 



5'2a,km = y dT (fe EVcpVct) =\ j C^"^ Aa.kin, 



(C.78) 

In the context of M-theory five-fold compactifications we need to consider more general 
actions, representing non-linear sigma models for a set of 2a fields (j)^ which also include a 
(super)-potential term. The superspace and component forms for such actions read 

52a = -\j dTdH8{G,,{f)V(t^V(ly^ = \j dT£2a, 



(C.79) 
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with a sigma model metric Gij{(j)) and a superpotential W(0) . Here, denotes differ- 
entiation with respect to the bosonic fields (p^ . Note that the fields P are indeed auxiliary. 
Solving their equations of motion leads to 

f = G'^j + G'^Gki,j^^' - G'^GjkA^^' + V'V^') , (C.80) 

where G^^ is the inverse of Gij and Wj = W_j = Inserting this back into the component 
action leads, among other terms, to the scalar potential 

S2a,pot = -\jdTNU, U = ]^G'm^W, , (C.81) 

for the scalars y?* in the 2a multiplets. We will also need a slight generalization of eq. ( |C.7S| ), 
namely an action for a set of 2o superfields X'^ coupling to a set of other 2a superfields 0* 
and to a set of 2h superfields via the sigma model metric Gpg{(l), Z_, Z_): 

52a,gen. = " J / cIt cfO £ {Gpgi^, Z, Z)VXP'DX''} = ^J dr^Sa.gen., 

/:2a,gcn. = lN-^Gpg{^,z,z)±P±^ - '-G„{^, z, DiX^X'^ - X^X") + ^NGpgi^, z, z)gP g" 
+ '-N-'Gpg{^,z,z){XPi>o + XHo)x'' + \N-^Gpg{^,z,-z)il;oi^QXPX'' 

- \NGpg,{^,z,-z){XPX'^r - i^'X^g' + ^*AV) + \Gpg,{ip,z,-zMXP + i;'XP)x'i 

- NGpg,ij{^,z,-z)XPWi^' - lGpg,a{^,z,z)XPX'^{i'' - 

+ lGpg-a{ip,Z,z)XPX'^{f^ + V^O/^^) - ^iVGp,,a(^, Z,l)KnV 

- lNGpg-a{^,z,-z)R^XPg'' + i,l)Ac«A^'i« - ^Gpg-a{^,z,z)R^XP±i 

- A^Gpg,a-fe(^>l.l)A^A<?Ac"Ac"^ - iNGpg,ia{^,z,-z)XPW^^'' 
-iNGpg,,a{^,z,l)Xn'>i;'R^ . 

(C.82) 

Next we turn to 2b multiplets. They are defined by the constraint "DZ = which leads 
to the component expansion 

Z = z + eK + ^N-^e9{i-i)oK) . (C.83) 

Here, A'^ and ipQ are the components of the supergravity multiplet and the other fields are 
labelled in analogy with the globally supersymmetric case ( 0.201) . Expression ( |C.83| ) is 
equivalent to the manifestly super-covariant version: 

z = zi+eivzD-^eeCDvzi). (c.84) 

By plugging in the component expansions ( p.68| ) and ( C.83| ) into the general for- 
mula ( C.46| ), the component field supersymmetry transformations are derived and read 

6eZ = icK, 6eZ = 0, 5eK = 0, 6eR = N^^e{z + iPqR), (C.85) 
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5^z = 0, 5fZ = ien, SgK = N ^e(i — ipQi^): ^ei^ = 0- (C.86) 

A standard kinetic term for a single 2b multiplet Z can be written and expanded into 
components as 

'S'2b,kin = -7 / dT(fe£T>Zf>Z=^ f dr £2h,km, 

. (C.87) 

The generalization to a non-linear sigma model for a set, {Z°-}, of 2b multiplets is given by 
52b = - dTd^e£G^i{Z,Z)VZ''VZ~^ = ^J dT£2b, 

+ N-'G,T,{z,z)^o^oi^''n' - ^G„5,,(i,l)(Ac"Ac5(i'= - 2^oi^') - 2k-r'z'^) 
+ |g„5,,U,I)(«"«^(I^" + 2'4,^R^) - 2k«^^"#) - NG^i^^rzKR^K'^R^. 

(C.88) 

Here, G...,a means differentiation with respect to the bosonic fields z"". In our application 
to M-theory, we need a variant of this action where the sigma model metric G^^ is also 
allowed to depend on a set of 2a multiplets (j)^ in addition to Z"- and Z^. This leads to a 
coupling between 2a and 2b multiplets. The action for this case reads 

S2^ = -\j dTdH£G,i{±,Z,Z)VZ''VZ'> = ^J dr/:2b, 

Ab = N-'G^j,{ip,z,z)z-2' - '-G^j,{^,z,z){K^k' - k-R') - iV-iG„-,(^,i,l)(Vo«''^' 

- V^o/^'i") + A^-'G„5(^, z,l)VoV^o/^"/^' - '-G,i^,{<p,z,z){i^'^r\z'^ - 2^^k'^) - 2k''R^z'^) 
+ + 2^^^") - 2«:«/^¥) - NG,i^,^{^,z,z)K'^R^K''R'^ 

- \NG,i^,{^,zrzKR^r - NG,i^,^{<f,zrz)K-RH^' - iNG,i^,,{<p,z,z)K-R'i;'K' 

- iNG,^,^,,{^,z,z)K'^R'il;'R^ - G,i^,{^,z,z)^'R\z- - ^Vo/^") 

+ + ^^ofi'). (C.89) 

This result can be readily specialized to G^i{(t),Z_,Z) = f{4>)G^i{Z_,Z_), for a real function 
/ = which is the case relevant to M-theory compactifications. 

Finally, we need to discuss fermionic 2b multiplets, that is, super-multiplets R with a 
fermionic lowest component and satisfying 'DR = 0. Their component expansion is given 
by 

R = p + eh+^N-^e9{p-i^oh), (C.90) 
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where the notation for the component fields is completely analogous to the globally su- 
persymmetric case ( p.31| ). The component supersymmetry transformations follow from 
plugging in the component expansions 

i ^M ) and ^9^) into the general formula ( |a46|) 

and are given by 

5ep = ieh, 6,p = 0, 6,h = 0, 5ji = -N-^e{p - i^oh), (C.91) 
J,-p = 0, 6^p=-ieh, 6eh = N-^e{p-iPoh), 6ih = 0. (C.92) 

A simple kinetic term for a single fermionic 2b superfield R takes the form 



5'2b-f,kin = j dT(fe£RR=^ I dr£2b-f,kin, 

1 . — 

'C2b-f,kin = ^{PP- PP) - Nhh . 



(C.93) 



Note that the only bosonic field, h, in this multiplet is auxiliary and, hence, we are left with 
only fermionic physical degrees of freedom. This observation will be crucial for writing down 
a superspace version of the effective one-dimensional theories obtained from M-theory. As 
for the other types of multiplets, we need to generalise to a sigma model for a set, {R^}, 
of fermionic 26 multiplets. The sigma model metric Gxy = Gxy{(t>) should be allowed to 
depend on 2a multiplets (j)^ . Such an action takes the form 

52b-f = -\j drd^eSGxyifjR'^Ry = \j drC2^,-i, 

/:2b~f = '-Gxy{^){p^-py - (ff) - NGxy{^)h^hy - iNGxyA^Wp'^hP + i^'pyh-) 

- ]^NGxy,{^)p^pyf - NGxy,,{^)p''pH'i>^ + ^^GxyMp'^pHi'oi^' - V^oV^*) • 



(C.94) 
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